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Abstract
We classify, up to conjugation, all automorphisms of Niemeier lattices to which we
can apply Miyamoto’s orbifold construction. Using this classification, we prove that
the VOAs obtained in [M] and [SS] are all of holomorphic non-lattice VOAs which
we can obtain by applying the Z3-orbifold construction to a Niemeier lattice and its
automorphism.
1 Introduction.
In [M], Miyamoto gave a Z3-orbifold construction for holomorphic vertex operator algebras
(VOAs for short), and obtained a new holomorphic VOA of central charge 24 (whose Lie
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algebra of the weight one subspace is of type E6,3G
3
2,1) by applying his construction to the
Niemeier lattice Ni(E46) and its automorphism of order 3 (which we denote by σ6 in §2.6).
Also, he obtained a holomorphic VOA of central charge 24 whose weight one subspace is
identical to {0}, by applying his Z3-orbifold construction to the Leech lattice VOA and its
fixed-point-free automorphism of order 3 (which we denote by σ7); this holomorphic VOA
is conjecturally isomorphic to the Moonshine VOA V ♮. Then, in [SS], we found another
five pairs of a Niemeier lattice and its automorphism of order 3 from which we can obtain
new holomorphic VOAs of central charge 24 by Miyamoto’s Z3-orbifold construction (for the
definitions of σ1, σ2, . . . , σ5 in the table below, see §§2.3 – 2.5):
Ref.
Niemeier lattice,
Automorphism
Lie algebra structure of
the weight one subspace
No. in
[S, Table 1]
[SS, §3] Ni(A122 ), σ1 A62,3 6
[SS, §4] Ni(D64), σ2 A62,3 6
[SS, §5] Ni(D64), σ3 E6,3G32,1 32
[SS, §6] Ni(D64), σ4 A5,3D4,3A31,1 17
[SS, §7] Ni(A45D4), σ5 A5,3D4,3A31,1 17
[M, §3.2] Ni(E46), σ6 E6,3G32,1 32
[M, §3.1] Λ, σ7 {0} 0
The purpose of this paper is to prove that the VOAs obtained in [M] and [SS] are all of the
holomorphic non-lattice VOAs which we can obtain by this method. Namely, we prove that
if we apply the Z3-orbifold construction to a Niemeier lattice and its automorphism which is
not conjugate to any of the σ1, . . . , σ7 above, then the resulting holomorphic VOA is isomor-
phic to the lattice VOA associated to a Niemeier lattice (in fact, if two automorphisms are
conjugate to each other, then so are the VOAs obtained by the Z3-orbifold construction; see
Remark 4.3.2 (2) below). For this purpose, we classify, up to conjugation, all automorphisms
of order 3 of Niemeier lattices to which we can apply the Z3-orbifold construction.
Let us give an explanation of our result more precisely. Given a Niemeier lattice L (i.e.,
a positive-definite even unimodular lattice of rank 24) and its automorphism τ ∈ AutL of
order 3 such that the rank of the fixed-point lattice Lτ of L under τ is divisible by 6 (i.e.,
rankLτ ∈ 6Z), we can obtain a holomorphic VOA of central charge 24, denoted by V˜ τL in this
paper, by Miyamoto’s Z3-orbifold construction (see Theorem 4.3.1); this VOA is a Z3-graded,
simple current extension of the fixed-point subVOA V τL of the lattice VOA VL associated to
L, under the VOA automorphism of order 3 induced from τ ∈ AutL, which we denote also
by τ ∈ Aut VL.
Theorem 1 (Theorem 5.1.1 (1)). If τ is contained in the Weyl group G0(L) for L (see §2.1),
then the VOA V˜ τL is isomorphic to the lattice VOA associated to a Niemeier lattice.
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Thus, for our purpose, we may assume that τ /∈ G0(L) (see (3.1.1)). For each r = 0,
6, 12, 18 (recall that rankLτ ∈ 6Z), denote by Cr the set of conjugacy classes in AutL
which contain elements τ ∈ AutL satisfying the conditions that |τ | = 3, rankLτ = r, and
τ /∈ G0(L).
Theorem 2 (Theorem 3.1.2). If there exists τ ∈ AutL satisfying the conditions that |τ | = 3,
rankLτ ∈ 6Z, and τ /∈ G0(L), then the root lattice Q of L is isomorphic to one of the
following: {
0
}
, A241 , A
12
2 , A
8
3, D
6
4, A
4
5D4, A
4
6, D
4
6, E
4
6 .
For each of these Q’s and r = 0, 6, 12, 18, the cardinality #Cr of the set Cr is given by the
following table.
Q {0} A241 A122 A83 D64 A45D4 A46 D46 E46
#C0 1 0 0 0 1 0 0 0 0
#C6 1 0 1 0 2 1 0 0 1
#C12 1 1 1 1 2 1 2 1 1
#C18 0 0 0 0 0 0 0 0 0
In particular, there exists no τ ∈ AutL satisfying the conditions that |τ | = 3, rankLτ = 18,
and τ /∈ G0(L). Also, if Q 6= {0}, and rankLτ ∈
{
0, 6
}
, then τ is conjugate to one of
σ1, . . . , σ6.
In the case that Q = {0}, i.e., L = Λ (the Leech lattice), we have the following.
Theorem 3 (Theorem 5.1.1 (2)). Assume that L = Λ. If rankΛτ = 0, then τ is conjugate
to σ7, and hence (V˜
τ
Λ )1 = {0}. Otherwise, V˜ τΛ ∼= VΛ.
So, let us consider the case that L 6= Λ. If rankLτ = 0 or 6, then τ is conjugate to
one of σ1, . . . , σ6, and hence V˜
τ
L is isomorphic to one of the holomorphic (non-lattice) VOAs
obtained in [M] and [SS] (see Theorem 5.1.1 (3a)). In the case that rankLτ = 12, we have
the following.
Theorem 4 (Theorem 5.1.1 (3b)). Let τ ∈ AutL be such that |τ | = 3, rankLτ = 12, and
τ /∈ G0(L). Then, V˜ τL ∼= VL.
This paper is organized as follows: In §2, we review Niemeier lattices and their auto-
morphism groups, and then the definitions of the automorphisms σ1, σ2, . . . , σ7 introduced
in [SS] and [M]. In §3, we prove Theorem 2 above in Theorem 3.1.2, which classifies, up
to conjugation, all automorphisms of order 3 of Niemeier lattices to which we can apply
Miyamoto’s Z3-orbifold construction. In §4, we briefly review lattice VOAs, twisted modules
over lattice VOAs, and Miyamoto’s Z3-orbifold construction. In §5, we prove Theorems 1, 3,
and 4 above in Theorem 5.1.1; proofs for parts (1), (2) and (3) of Theorem 5.1.1 are given in
§5.2, §5.3, and §5.4, respectively.
3
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List of Notation.
Fn the field of n elements.
AutX the automorphism group of X, where X is a lattice, a Lie algebra, or a VOA.
SymX the symmetric group on a set X.
W (Q) the Weyl group of a root lattice Q.
Zn = Z/nZ the cyclic group of order n.
Sn the symmetric group of degree n.
An the alternating group of degree n.
|g| the order of an element g in a group.
X  Y X is a subgroup of Y .
X ⊳ Y X is a normal subgroup of Y .
X : Y a split extension of a group Y by a group X.
X.Y an extension of a group Y by a group X.
Con(x;G) the conjugacy class containing x in a group G.
L∗ the dual lattice of a lattice L.
Lτ the fixed-point sublattice of a lattice L under τ ∈ AutL.
Ni(Q) the Niemeier lattice whose root lattice is Q.
CQ the set of indecomposable components of a root lattice Q.
Λ the Leech lattice.
VL the lattice vertex operator algebra associated to a lattice L.
g(X) the semisimple Lie algebra of type X.
2 Review.
In this section, we review Niemeier lattices and their automorphism groups in §2.1, and then
the definition of the automorphisms σ1, σ2, . . . , σ7 introduced in [SS] and [M].
2.1 Niemeier lattices and their automorphism groups. A Niemeier lattice is, by
definition, a positive-definite even unimodular lattice of rank 24; for the classification of
Niemeier lattices, see [CS, Table 16.1]. For a Niemeier lattice L with Z-bilinear form 〈· , ·〉,
we define its root lattice Q to be the sublattice generated by ∆ :=
{
α ∈ L | 〈α, α〉 = 2}.
Recall that every Niemeier lattice is uniquely (up to an isomorphism) determined by its root
lattice; denote by Ni(Q) the Niemeier lattice whose root lattice is Q. If Q = {0}, then
Ni(Q) is isomorphic to the Leech lattice Λ. Assume that Q 6= {0}. Then it is known that
rankQ = 24, and Ni(Q) can be realized as a sublattice of the dual lattice Q∗ of Q. Thus,
Ni(Q)/Q is a finite abelian group, which we call the glue code or the (set of) glue vectors.
Now, let L = Ni(Q) be a Niemeier lattice such that Q 6= {0}. First we review the group
structure of the automorphism group AutQ of the root lattice Q. Let Q =
⊕n
m=1Qm be the
decomposition of Q into its indecomposable components; we know from [K, Corollary 5.10 b)]
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that for each 1 ≤ m ≤ n,
AutQm =W (Qm) : G1(Qm),
where W (Qm)  AutQm is the Weyl group of Qm, and G1(Qm) is the subgroup of AutQm
consisting of all Dynkin diagram automorphisms of Qm (with respect to a fixed set Πm of
simple roots of Qm). Here we set
G0(Q) :=
n∏
m=1
W (Qm), G1(Q) :=
n∏
m=1
G1(Qm), (2.1.1)
K(Q) :=
{
τ ∈ AutQ | τ(Qm) = Qm for all 1 ≤ m ≤ n
}  AutQ; (2.1.2)
we call G0(Q) the Weyl group of Q. Remark that G0(Q)⊳K(Q), G1(Q)  K(Q), and
K(Q) =
n∏
m=1
AutQm = G0(Q) : G1(Q). (2.1.3)
For each 1 ≤ i < j ≤ n such that Qi ∼= Qj , we have the following automorphism tij ∈ AutQ
of Q =
⊕n
m=1Qm (the “transposition” of the i-th entry and the j-th entry):
(x1, . . . , xi, . . . , xj , . . . , xn) 7→ (x1, . . . , xj , . . . , xi, . . . , xn).
We set
G2(Q) :=
〈
tij | 1 ≤ i < j ≤ n such that Qi ∼= Qj
〉  AutQ,
which is the subgroup of AutQ consisting of all “permutations” of entries of Q =
⊕n
m=1Qm.
Then it can be easily verified that
AutQ = K(Q) : G2(Q) = G0(Q) : G1(Q) : G2(Q). (2.1.4)
We see that G1(Q) : G2(Q) is the subgroup of AutQ consisting of all elements in AutQ that
preserves the set Π :=
⊔n
m=1Πm of simple roots of Q.
Remark 2.1.1. Notice that AutQ naturally acts on the set CQ :=
{
Q1, . . . , Qn
}
of indecom-
posable components of Q. Hence we have a group homomorphism Φ : AutQ → SymCQ,
where SymCQ is the symmetric group on the set CQ. It is obvious that
G2(Q) ∼= ImΦ, KerΦ = K(Q) = G0(Q) : G1(Q).
Next, let us review from [CS, §3 in Chapter 4] the group structure of the automorphism
group AutL of L. Notice that AutL  AutQ. Indeed, since the spanning set ∆ = {α ∈ L |
〈α, α〉 = 2} of Q is stable under the action of AutL, it follows immediately that Q is stable
under AutL. Thus we get the natural group homomorphism AutL→ AutQ defined by the
restriction τ 7→ τ |Q for τ ∈ AutL. Since L⊗Z R = Q⊗Z R, we see that this homomorphism
is injective.
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It is well-known (and easily verified) that the Weyl group G0(Q) =
∏n
m=1W (Qm) is
contained in AutL. Set
G0(L) := G0(Q)⊳ AutL,
G1(L) := AutL ∩G1(Q)  AutL;
note that G0(L) and G1(L) are contained in K(Q) ∩ AutL (see (2.1.2) and (2.1.3)), and
K(Q) ∩AutL = G0(L) : G1(L). (2.1.5)
Furthermore we can easily show that
AutL = G0(L) : H(L), where
H(L) := AutL ∩ (G1(Q) : G2(Q))  AutL; (2.1.6)
for each τ ∈ H(L), there exist unique τ1 ∈ G1(Q) and τ2 ∈ G2(Q) such that τ = τ1τ2, but
we should remark that τ1 and τ2 are not necessarily contained in AutL. Define
G2(L) :=
{
τ ∈ G2(Q) | τ1τ ∈ H(L) for some τ1 ∈ G1(Q)
}
. (2.1.7)
Because G1(Q)⊳G1(Q) : G2(Q), we deduce that G2(L) is a subgroup of G2(Q). In addition,
if τ = τ1τ2 ∈ H(L) with τ1 ∈ G1(Q) and τ2 ∈ G2(Q), then it is obvious by the definition that
τ2 ∈ G2(L). Thus we obtain a map π2 : H(L)→ G2(L), τ 7→ τ2, which is obviously surjective.
Also, it can be verified that π2 is a group homomorphism, with G1(L) = AutL ∩ G1(Q) as
the kernel. Thus we obtain the following exact sequence:
1 −→ G1(L) ⊂−→ H(L) π2−→ G2(L) −→ 1. (2.1.8)
Remark 2.1.2. With the notation in Remark 2.1.1, we have G2(L) ∼= Φ(AutL)  SymCQ.
Remark 2.1.3. Because AutL  AutQ, we have the induced action of AutL on the glue code
L/Q. Then, τ ∈ AutL acts on L/Q as the identity map if and only if τ ∈ G0(L). Hence, by
(2.1.6), H(L) is identical to the subgroup of G1(Q) : G2(Q) consisting of the elements that
preserves the glue code L/Q.
We know from [CS, §1 in Chapter 16 and §4 in Chapter 18] the group structures of G1(L)
and G2(L) for each Niemeier lattice L whose root lattice Q is one of those in (3.1.3) below,
except for Q = {0}:
Q A241 A
12
2 A
8
3 D
6
4 A
4
5D4 A
4
6 D
4
6 E
4
6
G1(L) 1 Z2 Z2 Z3 Z2 Z2 1 Z2
G2(L) M24 M12 AGL3(2) S6 S4 A4 S4 S4
(2.1.9)
Here, M24 and M12 are the Mathieu groups of degree 24 and 12, respectively, and AGL3(2)
is the affine general linear group of degree 3 over F2.
If Q = {0}, or equivalently, L ∼= Λ (the Leech lattice), then AutΛ is isomorphic to a
(unique) nontrivial extension of the largest Conway’s sporadic simple group Co1 by Z2. Let
σ7 ∈ AutΛ be a fixed-point-free automorphism of order 3; we will show at the beginning of
§3.5 below that such an automorphism of Λ exists uniquely, up to conjugation.
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2.2 Root lattices. In this subsection, we fix the notation for some root lattices, which
are needed to define the automorphisms σ1, σ2, . . . , σ6 introduced in [SS] and [M]. Also, we
introduce three automorphisms ω, ϕ, and ψ of the root lattice D4 for later use.
Root lattice An. Following [CS, Chapter 4, §6.1], we set
An :=
{
(x0, x1, . . . , xn) ∈ Zn+1 | x0 + x1 + · · ·+ xn = 0
}
,
[ℓ] :=
1
n + 1
(ℓ, . . . , ℓ, ℓ− n− 1, . . . , ℓ− n− 1︸ ︷︷ ︸
ℓ times
) ∈ A∗n for ℓ = 0, 1, . . . , n.
Then, A∗n/An =
{
[ℓ] := [ℓ] + An | ℓ = 0, 1, . . . , n
} ∼= Zn+1. Recall that AutA1 ∼= Z2, and
AutAn ∼= Z2 ×Sn+1 for n ≥ 2.
Root lattice Dn. Following [CS, Chapter 4, §7.1], we set
Dn :=
{
(x1, x2, . . . , xn) ∈ Zn | x1 + x2 + · · ·+ xn ∈ 2Z
}
,
[0] := (0, 0, . . . , 0) ∈ D∗n, [1] := (1/2, 1/2, . . . , 1/2) ∈ D∗n,
[2] := (0, . . . , 0, 1) ∈ D∗n, [3] := (1/2, . . . , 1/2, −1/2) ∈ D∗n.
Then we have D∗n/Dn =
{
[ℓ] := [ℓ] +Dn | ℓ = 0, 1, 2, 3
}
; in particular, D∗4/D4
∼= Z2 × Z2.
Recall that AutDn ∼= Zn2 : Sn for n ≥ 5, and AutD4 ∼= Z32 : S4 : S3.
In the case of D4,
α1 := (1, −1, 0, 0), α2 := (0, 1, −1, 0),
α3 := (0, 0, 1, −1), α4 := (0, 0, 1, 1)
give a set of simple roots such that 〈α2, αi〉 = −1 for i = 1, 3, 4, and 〈αk, αl〉 = 0 for
k, l ∈ {1, 3, 4}, k 6= l. Let ω be the Dynkin diagram automorphism of D4 of order 3 such
that ω(α1) = α3, ω(α3) = α4, ω(α4) = α1, and ω(α2) = α2; we can easily check that
ω([0]) = [0], ω([1]) = [2], ω([2]) = [3], ω([3]) = [1]. (2.2.1)
Also, we define a linear automorphism ϕ of D4 ⊗Z R by:
(1, 0, 0, 0) 7→ 1
2
(−1, 1, 1, 1), (0, 1, 0, 0) 7→ 1
2
(−1, −1, 1, −1),
(0, 0, 1, 0) 7→ 1
2
(−1, −1, −1, 1), (0, 0, 0, 1) 7→ 1
2
(−1, 1, −1, −1);
we see that the restriction of ϕ to D4 is a lattice automorphism of order 3 of D4 which is
fixed point-free on D4. Observe that
ϕ([0]) = [0], ϕ([1]) = [2], ϕ([2]) = [3], ϕ([3]) = [1]. (2.2.2)
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Hence, by (2.2.1) and (2.2.2), the action of ϕ on D∗4/D4 is identical to that of ω, which implies
that ϕ ∈ W (D4)ω. Also, define ψ := r1r2 ∈ W (D4), where ri denotes the simple reflection
with respect to the simple root αi for i = 1, 2, 3, 4; note that ψ is of order 3. We have
rankDω4 = 2, rankD
ϕ
4 = 0, rankD
ψ
4 = 2. (2.2.3)
Root lattice E6. Let
{
αi | 1 ≤ i ≤ 6
}
be the set of simple roots for the root lattice
E6 =
⊕6
i=1 Zαi;
α1 α2 α3 α4 α5
α6
We set
[0] := 0, [1] :=
1
3
(α1 − α2 + α4 − α5) , [2] := 1
3
(−α1 + α2 − α4 + α5) .
Then we have E∗6/E6 =
{
[ℓ] := [ℓ] + E6 | ℓ = 0, 1, 2
} ∼= Z/3Z.
2.3 Niemeier lattice Ni(A122 ) and its automorphism σ1 of order 3. Define Q to be
the direct sum A122 of 12 copies of the root lattice A2; following [CS, Chapter 10, §1.5], we
use Ω :=
{∞, 0, 1, . . . , 10} for the index set of the coordinate for Q, that is, Q = {(αi)i∈Ω |
αi ∈ A2 for i ∈ Ω
}
. We can identify Q∗/Q with the 12-dimensional vector space F123 over the
field F3 of three elements. For each j ∈ Ω, define [1](j) to be the element ([ℓi])i∈Ω ∈ Q∗/Q
with ℓj = 1 and ℓi = 0 for all i ∈ Ω, i 6= j. Then,
{
[1]
(j) | j ∈ Ω} forms a basis of Q∗/Q.
Define ν ∈ SymΩ by:
ν = (∞)(X9876543210),
where X denotes 10. Set Θ :=
{
0, 1, 3, 4, 5, 9
} ⊂ Ω, and define
w0 :=
∑
i∈Ω\Θ
[1]
(i) −
∑
j∈Θ
[1]
(j)
,
wi := ν
i · w0 for 0 ≤ i ≤ 10, w∞ :=
∑
i∈Ω
[1]
(i)
,
where the group SymΩ acts linearly on Q∗/Q by: g · [1](i) = [1](g(i)) for g ∈ SymΩ and i ∈ Ω.
The glue code Ni(A122 )/Q of the Niemeier lattice Ni(A
12
2 ) is identical to the subspace D12 of
Q∗/Q spanned by
{
wi | i ∈ Ω
}
(see [CS, Chapter 18, §4, II]), that is,
(Q ⊂) Ni(A122 ) =
⊔
C∈D12
C (⊂ Q∗).
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Define σ′ = (∞)(4)(7)(012)(35X)(689) ∈ SymΩ; we see from [CS, Chapter 10, Theorems 2
and 3] (see also [SS, Theorem 3.2.1]) that D12 is stable under the action of σ′.
We arrange the coordinate of Q = A122 as follows:
(µi)i∈Ω =
(
µ∞, µ4, µ7︸ ︷︷ ︸
∈A32
| µ0, µ3, µ6︸ ︷︷ ︸
∈A32
| µ1, µ5, µ8︸ ︷︷ ︸
∈A32
| µ2, µ10, µ9︸ ︷︷ ︸
∈A32
)
.
Let ψ1 be the fixed-point-free automorphism of A2 defined by: (x0, x1, x2) 7→ (x2, x0, x1);
note that ψ1([ℓ]) = [ℓ] for every ℓ = 0, 1, 2. Define σ1 : Q
∗ → Q∗ by:(
µ∞, µ4, µ7 | µ036 | µ158 | µ2X9
) σ1−→ (ψ1(µ∞), ψ1(µ4), ψ1(µ7) | µ2X9 | µ036 | µ158)
for µ∞, µ4, µ7 ∈ A∗2 and µ036, µ158, µ2X9 ∈ (A∗2)3. By the argument above, we see that σ1
stabilizes the Niemeier lattice Ni(A122 ), and hence σ1 ∈ AutNi(A122 ). It can be easily seen
that
rankNi(A122 )
σ1 = 6. (2.3.1)
2.4 Niemeier lattice Ni(D64) and its automorphisms σ2, σ3, σ4 of order 3. By [CS,
Chapter 16, Table 16.1], the glue code Ni(D64)/Q of the Niemeier lattice Ni(D
6
4) is generated
by the cosets in Q∗/Q containing [111111], [222222], and
[002332], [023320], [033202], [032023], [020233],
where [a1 · · · a6] := ([a1], . . . , [a6]) ∈ Q∗ = (D∗4)6. Namely, Ni(D64) is the sublattice of Q∗
generated by Q and these 7 elements in Q∗.
Let us define σ2, σ3, σ4 : Q
∗ → Q∗ by:
σ2(γ1, . . . , γ6) = (ϕ(γ1), . . . , ϕ(γ6)),
σ3(γ1, γ2, γ3, γ4, γ5, γ6) = (ϕ(γ1), ϕ(γ2), ϕ(γ3), ω(γ4), ω(γ5), ω(γ6)),
σ4(γ1, γ2, γ3, γ4, γ5, γ6) = (ψ(γ1), ϕ(γ2), ϕ
−1(γ3), γ6, ϕ
−1(γ4), ϕ(γ5)).
We know from [SS, §4.2, §5.2, §6.2] that Ni(D64) ⊂ Q∗ is stable under the actions of σ2, σ3,
σ4, which implies that σ2, σ3, σ4 ∈ AutNi(D64), and also that
rankNi(D64)
σ2 = 0, rankNi(D64)
σ3 = 6, rankNi(D64)
σ4 = 6. (2.4.1)
2.5 Niemeier lattice Ni(A45D4) and its automorphism σ5 of order 3. By [CS, Chap-
ter 16, Table 16.1], the glue code Ni(A45D4)/Q of the Niemeier lattice Ni(A
4
5D4) is generated
by the cosets in Q∗/Q containing [33001], [30302], [30033], and [20240], [22400], [24020],
where [a1 · · · a5] := ([a1], . . . , [a5]) ∈ Q∗ = (A∗5)4D∗4. Namely, Ni(A45D4) is the sublattice of
Q∗ generated by Q and these 6 elements in Q∗.
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Let us define σ5 : Q
∗ → Q∗ by:
σ5(γ1, γ2, γ3, γ4, γ5) = (ψ2(γ1), γ4, γ2, γ3, ϕ(γ5)),
where ψ2 is the automorphism of A5 defined by:
(x0, x1, x2, x3, x4, x5) 7→ (x2, x0, x1, x5, x3, x4).
We know from [SS, §7.2] that Ni(A45D4) ⊂ Q∗ is stable under the action of σ5, which implies
that σ5 ∈ AutNi(A45D4), and also that
rankNi(A45D4)
σ5 = 6. (2.5.1)
2.6 Niemeier lattice Ni(E46) and its automorphism σ6 of order 3. By [CS, Chapter
16, Table 16.1], the glue code Ni(E46)/Q of the Niemeier lattice Ni(E
4
6) is generated by the
cosets in Q∗/Q containing [1012], [1120], [1201], where [a1 · · · a4] := ([a1], . . . , [a4]) ∈ Q∗ =
(E∗6)
4. Namely, Ni(E46) is the sublattice of Q
∗ generated by Q and [1012], [1120], [1201] ∈ Q∗.
Define ψ3 := r1r2r4r5r6r0 ∈ W (E6), where ri denotes the simple reflection with respect to
αi for 1 ≤ i ≤ 6, and r0 denotes the reflection with respect to the highest root of E6. Then
we define σ6 : Q
∗ → Q∗ by:
(γ1, γ2, γ3, γ4) 7→ (ψ3(γ1), γ4, γ2, γ3).
We know from [M, §3.2] that Ni(E46) ⊂ Q∗ is stable under the action of σ6, and hence
σ6 ∈ AutNi(E46). Since ψ3 is fixed-point-free on E6, we see that
rankNi(E46)
σ6 = 6. (2.6.1)
3 Niemeier lattices and their automorphisms of order 3.
3.1 Main result of §3. Let L be a Niemeier lattice, and let Q be its root lattice. Let us
consider the following conditions on τ ∈ AutL:
|τ | = 3;
rankLτ ∈ 6Z;
τ /∈ G0(L) = G0(Q);
(3.1.1)
recall that G0(L) = G0(Q)  AutL denotes the Weyl group of Q (see §2.1). Notice that
rankLτ = 0, 6, 12, or 18. For each r ∈ {0, 6, 12, 18}, let us denote by Cr the set of conjugacy
classes in AutL which contain elements τ ∈ AutL satisfying (3.1.1) with rankLτ = r.
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Remark 3.1.1. Observe that all of σ1, . . . , σ7 as in §2 satisfy (3.1.1), and
Q A122 D
6
4 D
6
4 D
6
4 A
4
5D4 E
4
6 {0}
τ σ1 σ2 σ3 σ4 σ5 σ6 σ7
rankLτ 6 0 6 6 6 6 0
(3.1.2)
It can be easily checked that the automorphisms σ3, σ4 ∈ AutNi(D64) are not conjugate to
each other in AutNi(D64); indeed, σ3 fixes 18 elements in ∆ =
{
α ∈ Ni(D64) | 〈α, α〉 = 2
}
,
but σ4 fixes no element in ∆ (see also Propositions 3.6.1 and 3.6.2 below).
The following is the main theorem in this section.
Theorem 3.1.2. Let L be a Niemeier lattice, and let Q be its root lattice.
(1) If there exists τ ∈ AutL satisfying (3.1.1), then Q is isomorphic to one of the following:{
0
}
, A241 , A
12
2 , A
8
3, D
6
4, A
4
5D4, A
4
6, D
4
6, E
4
6 . (3.1.3)
Moreover, if Q 6= {0}, and there exists τ ∈ AutL which satisfies (3.1.1), and preserves
each indecomposable component of Q, then Q = D64.
(2) For each of Q’s in (3.1.3) and r = 0, 6, 12, 18, the cardinality #Cr of the set Cr is
given by the following table:
Q {0} A241 A122 A83 D64 A45D4 A46 D46 E46
#C0 1 0 0 0 1 0 0 0 0
#C6 1 0 1 0 2 1 0 0 1
#C12 1 1 1 1 2 1 2 1 1
#C18 0 0 0 0 0 0 0 0 0
(3.1.4)
In particular,
(i) there exists no τ ∈ AutL satisfying (3.1.1) with rankLτ = 18;
(ii) if Q 6= {0}, and rankLτ ∈ {0, 6}, then τ is conjugate to one of σ1, . . . , σ6 (see
Remark 3.1.1).
We will prove Theorem 3.1.2 (1) in §3.4. In §3.5 and §3.6, for each Niemeier lattice L =
Ni(Q) given in Theorem 3.1.2 (1), we will classify the automorphisms τ ∈ AutL satisfying
(3.1.1), up to conjugation, thereby proving Theorem 3.1.2 (2);
• the classification for Q = {0} will be given in Proposition 3.5.1;
• the classification for Q = A45D4 will be given in Proposition 3.5.2;
• the classification forQ = A241 , A83, A46, D46, A122 , and E46 will be given in Proposition 3.5.3;
• the classification for Q = D64 will be given in Propositions 3.6.1 and 3.6.2.
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3.2 Automorphisms of root lattices of order 3. It is obvious that AutA1 = W (A1) ∼=
Z2 does not have an element of order 3.
Lemma 3.2.1. Let R be a root lattice of type An with n ≥ 2, Dn with n ≥ 5, or E6.
(1) If ε ∈ AutR is of order 3, then ε is contained in the Weyl group W (R) of R, and
rankRε =

n− 2c for some 1 ≤ c ≤ (n+ 1)/3, if R = An,
n− 2c for some 1 ≤ c ≤ n/3, if R = Dn,
0, 2, or 4, if R = E6.
(2) If ε1, ε2 ∈ AutR are of order 3 (and hence ε1, ε2 ∈ W (R) by (1)), and rankRε1 =
rankRε2, then ε1 and ε2 are conjugate to each other in W (R).
Proof. Recall that AutR = W (R) : G1(R). Since G1(R) (= the group of Dynkin diagram
automorphisms) does not have an element of order 3 in these cases, we get ε ∈ W (R) if
ε ∈ AutR is of order 3.
Assume that R = An with n ≥ 2. Since W (An) ∼= Sn+1, we see that ε is equal to a
product of mutually commutative 3-cycles; notice that the number c of 3-cycles in ε satisfies
1 ≤ c ≤ (n+ 1)/3. Then we have rankAεn = n− 2c, which proves part (1). Also, part (2) is
obvious by this argument.
Assume that R = Dn with n ≥ 5; recall that W (Dn) ∼= Zn−12 : Sn. Write ε as: ε = zρ,
where z ∈ Zn−12 and ρ ∈ Sn. Then, ε is conjugate to ρ. Indeed, we see that ρ is of order
3, and (zρ−1)3 = 1. Hence, (ρzρ−1)−1ε(ρzρ−1) = ρ(zρ−1)3 = ρ. Thus we may assume from
the beginning that ε ∈ Sn. Then, ε is equal to a product of mutually commutative 3-cycles;
notice that the number c of 3-cycles in ε satisfies 1 ≤ c ≤ n/3. It can be easily seen that
rankDεn = n− 2c, which proves part (1). Part (2) is obvious by this argument.
The assertions for the case of R = E6 follow from the character table of AutE6, which
can be obtained by the computer program “MAGMA”.
We turn to the case of D4; recall the definitions of ω, ϕ, ψ ∈ AutD4 from §2.2. Define
P := 〈W (D4), ω〉 ∼= W (D4) : 〈ω〉 ⊳ AutD4 ∼= W (D4) : S3; recall that ϕ ∈ W (D4)ω ⊂ P .
We claim that an element z ∈ W (D4)ω is not conjugate to any element of W (D4)ω−1 in P .
Indeed, since P = 〈W (D4), ω〉 andW (D4)⊳P , we see that x−1zx is contained inW (D4)ω for
all x ∈ P . The assertion follows immediately from this fact and W (D4)ω ∩W (D4)ω−1 = ∅.
Lemma 3.2.2.
(1) There are exactly three conjugacy classes of order 3 elements in AutD4, which are
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Con(ψ; AutD4), Con(ω; AutD4), and Con(ϕ; AutD4). Moreover, we have
Con(ψ; AutD4) = Con(ψ;P );
Con(ω; AutD4) = Con(ω;P ) ⊔ Con(ω−1;P );
Con(ϕ; AutD4) = Con(ϕ;P ) ⊔ Con(ϕ−1;P ).
(3.2.1)
(2) Let ε ∈ {ω, ϕ} and c ∈ {1, −1}. Then,
Con(εc;P ) =
{
y−1εcy | y ∈ W (D4)
}
. (3.2.2)
Proof. (1) First, we used the computer program “MAGMA” to obtain the character ta-
ble of AutD4, from which we see that AutD4 has exactly three conjugacy classes of or-
der 3 elements in AutD4; by (2.2.3), we have Con(ω; AutD4) 6= Con(ϕ; AutD4). Since
Con(ψ; AutD4) ⊂ W (D4) (recall that ψ ∈ W (D4) ⊳ AutD4), and since ω, ϕ 6∈ W (D4),
it follows that Con(ψ; AutD4) 6= Con(ω; AutD4), Con(ϕ; AutD4). Thus we conclude that
Con(ψ; AutD4), Con(ω; AutD4), and Con(ϕ; AutD4) are distinct to each other. Also, by
(2.2.3) and the fact that Con(ψ; AutD4) ⊂ W (D4), we see that ϕ−1 ∈ Con(ϕ; AutD4) and
ω−1 ∈ Con(ω; AutD4).
Let ρ be the Dynkin diagram automorphism of D4 which interchanges α3 and α4 with
notation in §2.2. Then, AutD4 = P ⊔ ρP , and hence
Con(ε; AutD4) = Con(ε;P ) ∪ Con(ρ−1ερ;P ),
where ε ∈ {ψ, ω, ϕ}. If ε = ψ = r1r2, then we see that ρ−1ψρ = ψ, and hence Con(ψ;P ) =
Con(ρ−1ψρ;P ). Thus we get Con(ψ; AutD4) = Con(ψ;P ). If ε = ω or ϕ, then we see that
ρ−1ερ ∈ W (D4)ω−1 since ρ−1ωρ = ω−1. Hence, by the argument preceding this lemma, ε is
not conjugate to ρ−1ερ in P , which implies that Con(ε;P ) 6= Con(ρ−1ερ;P );
Con(ε; AutD4) = Con(ε;P ) ⊔ Con(ρ−1ερ;P ).
Since ε−1 ∈ Con(ε; AutD4) as seen above, and ε−1 /∈ Con(ε;P ), it follows that ε−1 ∈
Con(ρ−1ερ;P ), and hence Con(ρ−1ερ;P ) = Con(ε−1;P ). Thus we have proved part (1).
(2) If ε = ω, then the assertion is obvious since P = 〈W (D4), ω〉 and W (D4) ⊳ P .
Assume that ε = ϕ. The cyclic group 〈ω〉 (of order 3) acts on Con(ϕc;P ) by conjugation.
Since #Con(ϕ; AutD4) = 16 by the character table obtained by MAGMA, we see that
#Con(ϕc;P ) = #Con(ϕ; AutD4)/2 = 8. Hence there exists ϕ
′ ∈ Con(ϕc;P ) such that
ω−1ϕ′ω = ϕ′. Then we see that Con(ϕc;P ) = Con(ϕ′;P ) =
{
y−1ϕ′y | y ∈ W (D4)
}
.
Therefore we obtain Con(ϕc;P ) =
{
y−1ϕcy | y ∈ W (D4)
}
, as desired.
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3.3 Some technical lemmas. In this subsection, we show some basic lemmas, which
will be needed in the proof of Theorem 3.1.2.
Lemma 3.3.1. Let G be a finite group. If G1⊳G and |G1| = 2, then G1 is contained in the
center of G. Moreover, the canonical projection G։ G/G1 induces a bijection from the set
of conjugacy classes of order 3 elements in G onto the ones in G/G1.
Proof. An easy exercise.
Lemma 3.3.2. Let L be a lattice, let τ ∈ AutL be of order 3, and let Q be a sublattice of L
such that τ(Q) = Q.
(1) If rankL = rankQ, then rankLτ = rankQτ .
(2) If there exist sublattices R1, R2, R3, R4 of Q such that Q =
⊕4
q=1Rq, and τ(R1) = R2,
τ(R2) = R3, τ(R3) = R1, τ(R4) = R4, then rankQ
τ = rankR1 + rankR
τ
4.
Proof. Part (1) can be easily verified as follows: rankLτ = dim(L⊗Z R)τ = dim(Q⊗Z R)τ =
rankQτ . Let us show part (2). Note that (R1 ⊕ R2 ⊕ R3)τ =
{
x + τ(x) + τ 2(x) | x ∈ R1
}
.
Thus we have an isomorphism of free Z-modules from R1 onto (R1 ⊕ R2 ⊕ R3)τ defined by:
x 7→ x + τ(x) + τ 2(x); notice that this map does not preserve the Z-bilinear forms. Hence
we obtain an isomorphism of free Z-modules from Qτ onto R1 ⊕ Rτ4 , which implies that
rankQτ = rankR1 + rankR
τ
4 , as desired.
Lemma 3.3.3. Let L be a Niemeier lattice, and let Q be its root lattice. Let τ ∈ AutL be of
order 3. Let Rm, 1 ≤ m ≤ 4, be root sublattices of Q (not necessarily, indecomposable) such
that
Q =
4⊕
m=1
Rm, τ(R1) = R2, τ(R2) = R3, τ(R3) = R1, τ(R4) = R4.
Let w ∈ W (R1⊕R2⊕R3) =
∏3
m=1W (Rm)  AutL. If wτ is of order 3, then wτ is conjugate
to τ .
Proof. First, we make some remarks. It is obvious that for every 1 ≤ i, j ≤ 3 with i 6= j,
wiwj = wjwi for all wi ∈ W (Ri) and wj ∈ W (Rj). Also, we see that R1 ∼= R2 ∼= R3, and
hence W (R1) ∼= W (R2) ∼= W (R3). Remark that for wi ∈ W (Ri), i = 1, 2, 3, and p ∈ Z≥0,
the element wτ
p
i := τ
−pwiτ
p is contained in W (Ri−p), where : Z։ Z/3Z =
{
1, 2, 3
}
is the
canonical projection.
Now, let w ∈ W (R1 ⊕R2 ⊕R3) =
∏3
m=1W (Rm) be such that wτ is of order 3, and write
it as: w = w1w2w3 with wi ∈ W (Ri), 1 ≤ i ≤ 3. Since 1 = (wτ)3, and τ 3 = 1, we have
1 = (wτ)(wτ)(wτ) = (w1w2w3τ)(w1w2w3τ)(w1w2w3τ)
= (w1w2w3τ)(w1w2w3τ)τ(w
τ
1w
τ
2w
τ
3)
14
= (w1w2w3τ)τ
2(wτ
2
1 w
τ2
2 w
τ2
3 )(w
τ
1w
τ
2w
τ
3)
= (w1w2w3)(w
τ2
1 w
τ2
2 w
τ2
3 )(w
τ
1w
τ
2w
τ
3)
= (w1w
τ2
3 w
τ
2)︸ ︷︷ ︸
∈W (R1)
(w2w
τ2
1 w
τ
3)︸ ︷︷ ︸
∈W (R2)
(w3w
τ2
2 w
τ
1)︸ ︷︷ ︸
∈W (R3)
.
Thus,
w1w
τ2
3 w
τ
2︸ ︷︷ ︸
∈W (R1)
= w2w
τ2
1 w
τ
3︸ ︷︷ ︸
∈W (R2)
= w3w
τ2
2 w
τ
1︸ ︷︷ ︸
∈W (R3)
= 1.
Here we set u := w1w2w
τ2
1 ∈ W (R1 ⊕ R2 ⊕R3) =
∏3
m=1W (Rm). Then we have
uτu−1 = (w1w2w
τ2
1 )τ(w1w2w
τ2
1 )
−1 = (w1w2w
τ2
1 )τ{(wτ
2
1 )
−1w−12 w
−1
1 }
= (w1w2w
τ2
1 )τ(w
τ
3w2)w
−1
2 w
−1
1 = (w1w2w
τ2
1 )τw
τ
3w
−1
1
= (w1w2w
τ2
1 )w3τw
−1
1
= (w1w2w3)w
τ2
1 τw
−1
1 since w
τ2
1 ∈ W (R2) and w3 ∈ W (R3)
= wτ.
Thus we have proved the lemma.
3.4 Proof of Theorem 3.1.2 (1). Let L = Ni(Q) be a Niemeier lattice such that Q 6=
{0} (i.e., L 6= Λ). Let Q = ⊕nm=1Qm be the decomposition of Q into its indecomposable
components. Assume that AutL has an element τ satisfying (3.1.1).
Claim 1. If τ ∈ G0(L) : G1(L), that is, if τ(Qm) = Qm for all 1 ≤ m ≤ n (see (2.1.5)),
then Q = D64.
Proof of Claim 1. Write τ uniquely as: τ = τ0τ1 with τ0 ∈ G0(L) and τ1 ∈ G1(L); notice
that |τ1| = 1 or 3 since the Weyl group G0(L) is a normal subgroup of AutL. Because
τ /∈ G0(L) by (3.1.1), it follows immediately that τ1 6= 1, and hence τ1 is of order 3. Since
τ1 ∈ G1(L)  G1(Q) =
∏n
m=1G1(Qm) (see (2.1.1)), there exists 1 ≤ m ≤ n such that
G1(Qm) contains a Dynkin diagram automorphism of order 3, which implies that Qm is of
type D4. Therefore we see from the list of Niemeier lattices (see [CS, Chapter 16, Table 16.1]
for example) that Q = A45D4 or Q = D
6
4. Since |G1(L)| = 2 if Q = A45D4 (see table (2.1.9)),
and since τ1 ∈ G1(L) is of order 3, we obtain Q = D64, as desired.
We next assume that τ /∈ G0(L) : G1(L), or equivalently, τ(Qm) 6= Qm for some 1 ≤
m ≤ n. Under the notation in Remarks 2.1.1 and 2.1.2, Φ(τ) ∈ SymCQ acts on the set
CQ =
{
Qm | 1 ≤ m ≤ n
}
of the indecomposable components of Q nontrivially, which implies
that Φ(τ) is of order 3. Therefore there exist at least 3 mutually isomorphic components in
CQ; by the list of Niemeier lattices [CS, Chapter 16, Table 16.1], Q is one of the following:
A241 , A
12
2 , A
8
3, A
6
4, A
4
5D4, D
6
4, A
4
6, A
3
8, D
4
6, E
4
6 , D
3
8, E
3
8 .
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Claim 2. Q cannot be A64, A
3
8, D
3
8, nor E
3
8 .
Proof of Claim 2. Suppose first that Q = X3 with X = A8, D8, or E8. Because Φ(τ) ∈
SymCQ is of order 3, we see that τ cyclically permutes the 3 indecomposable components
Q1, Q2, Q3 of Q as: τ(Q1) = Q2, τ(Q2) = Q3, τ(Q3) = Q1. Therefore it follows immediately
from Lemma 3.3.2 that rankLτ = rankQτ = rankX = 8, which contradicts the fact that
rankLτ is divisible by 6.
Suppose next thatQ = A64. By [CS, p. 408], Φ(AutL)
∼= G2(L) ∼= PGL2(5) (∼= S5), where
PGL2(5) is the projective general linear group of degree 2 over F5, and it acts on the set CQ ∼={∞, 0, 1, 2, 3, 4} as linear fractional transformations (see also [CS, Chapter 10, §1]); note
that PGL2(5) (∼= S5) has a unique conjugacy class of order 3 elements, and
(
0 −1
1 −1
)
mod F×5
is a representative for it, which acts on CQ as (∞01)(243). Since Φ(τ) ∈ SymCQ is of order
3, it follows immediately that Φ(τ) is conjugate to
(
0 −1
1 −1
)
mod F×5 , and hence acts on CQ as
a product of two mutually commutative 3-cycles. Therefore, Q has 3 components R1, R2,
R3 of type A
2
4, which are cyclically permuted by τ as: τ(R1) = R2, τ(R2) = R3, τ(R3) = R1.
Therefore it follows immediately from Lemma 3.3.2 that rankLτ = rankA24 = 8, which
contradicts (3.1.1).
Thus we have proved Theorem 3.1.2 (1).
3.5 Proof of Theorem 3.1.2 (2): Case that Q 6= D64. If L is the Leech lattice Λ, then
AutL = AutΛ is of type 2.Co1 (see §2.1). We know from [ATLAS, Co1] that Co1 has exactly
4 conjugacy classes 3A, 3B, 3C, and 3D of order 3 elements with notation therein. Hence,
by Lemma 3.3.1, Aut Λ has exactly 4 conjugacy classes of order 3 elements, which we denote
also by 3A, 3B, 3C, and 3D. We deduce from the character table in [ATLAS, Co1] that if
τ ∈ 3A (resp., 3B, 3C, 3D) in AutΛ ∼= 2.Co1, then rankΛτ = 0 (resp., 12, 6, 8). Thus we
obtain the following proposition.
Proposition 3.5.1. An automorphism τ ∈ AutΛ satisfies (3.1.1) if and only if it is contained
in the conjugacy classes 3A, 3B, or 3C in AutΛ ∼= 2.Co1. Moreover, if τ ∈ 3A (resp., 3B,
3C), then rankΛτ = 0 (resp., 12, 6).
Next, let us consider the case that Q is neither {0} nor D64. In these cases, we see from
Theorem 3.1.2 (1) that if τ ∈ AutL satisfies (3.1.1), then Φ(τ) ∈ Φ(AutL) (∼= G2(L)) 
SymCQ acts on the set CQ =
{
Qm | 1 ≤ m ≤ n
}
of indecomposable components of Q =⊕n
m=1Qm nontrivially, and hence Φ(τ) is of order 3 (see Remarks 2.1.1 and 2.1.2, along with
(2.1.4)).
Proposition 3.5.2. Let L = Ni(Q) be the Niemeier lattice with Q = A45D4. Enumerate
CQ =
{
Qm | 1 ≤ m ≤ 5
}
as Q1 ∼= Q2 ∼= Q3 ∼= Q4 ∼= A5 and Q5 ∼= D4.
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(1) If τ ∈ AutL satisfies (3.1.1), then Φ(τ) ∈ SymCQ fixes Q5 ∈ CQ, and acts on
{
Qm |
1 ≤ m ≤ 4} ⊂ CQ as a 3-cycle. If Qk is a unique element in {Qm | 1 ≤ m ≤ 4} fixed
by Φ(τ), then either (a) or (b) below holds:
(a) rankQτk = 1, τ |Q5 ∈ AutD4 is conjugate to ϕ in AutD4, and rankLτ = 6;
(b) τ |Qk = id, τ |Q5 ∈ AutD4 is conjugate to ω in AutD4, and rankLτ = 12.
(2) We have #C0 = #C18 = 0, and #C6 = #C12 = 1.
Proof. (1) It is obvious that Φ(τ) ∈ SymCQ fixes Q5 ∈ CQ. Since G2(L) is isomorphic to S4
by table (2.1.9), it follows that Φ(τ) ∈ SymCQ acts on
{
Qm | 1 ≤ m ≤ 4
} ⊂ CQ as a 3-cycle.
We see from Lemma 3.3.2, along with Lemmas 3.2.1, 3.2.2 (1), and (2.2.3), that
6Z ∋ rankLτ = rankQτ = rankQτk︸ ︷︷ ︸
=1, 3, or 5
+ rankQl︸ ︷︷ ︸
=5
+ rankQτ5︸ ︷︷ ︸
=0, 2, or 4
,
where 1 ≤ l ≤ 4 with l 6= k.
Claim. τ |Q5 ∈ AutD4 is not contained in W (D4).
Proof of Claim. We use the glue code as in §2.5; here, for simplicity of notation, we write
the coset [a1a2 · · · a5] +Q as [a1a2 · · · a5]. By §2.5, the glue code L/Q consists of
s1[33001] + s2[30302] + s3[30033] + t1[20240] + t2[22400] + t3[24020]
with 0 ≤ s1, s2, s3 ≤ 1 and 0 ≤ t1, t2, t3 ≤ 2. We see that
B :=
{
[a1a2 · · ·a5] ∈ L/Q | am ∈
{
0, 3
}
for all 1 ≤ m ≤ 4}
=
{
s1[33001] + s2[30302] + s3[30033] | 0 ≤ s1, s2, s3 ≤ 1
}
=
{
[00000], [33001], [30302], [30033], [03303], [03032], [00331], [33330]
}
.
Observe that the subset B above is stable under the induced action of AutL on L/Q, because
the induced action of AutA5 on A
∗
5/A5 fixes [0], [3] ∈ A∗5/A5 (see §2.2 for the notation).
Now, suppose, for a contradiction, that τ |Q5 ∈ W (D4). Then the induced action of τ on
L/Q does not change the fifth entry of any [a1a2 · · · a5] ∈ L/Q. Since the subset B above is
stable under the induced action of AutL on L/Q as mentioned above, it follows that τ [33001]
is equal to an element of B whose fifth entry is equal to 1. Namely, τ [33001] = [33001] or
[00331]. Similarly, τ [00331] = [33001] or [00331]. Hence the subset
{
[33001], [00331]
}
of B is
stable under the action of τ . Since |τ | = 3, it follows immediately that τ fixes both [33001]
and [00331]. However, this contradicts the fact that Φ(τ) acts on
{
Qm | 1 ≤ m ≤ 4
} ⊂ CQ
as a 3-cycle. Thus we have proved Claim.
17
By Claim and Lemma 3.2.2 (1), τ |Q5 is conjugate to either ϕ or ω in AutD4. If τ |Q5 is
conjugate to ϕ (resp., ω), then rankQτ5 = 0 (resp., = 2), and hence rankQ
τ
k = 1 (resp., = 5)
since rankLτ ∈ 6Z. Thus we have proved part (1).
(2) Part (1) implies that #C0 = #C18 = 0. Let us show that #C6 = #C12 = 1. We
know from Remark 3.1.1 that σ5 ∈ AutL as in §2.5 satisfies (3.1.1) with rankLσ5 = 6,
which implies that #C6 ≥ 1. Recall from §2.5 that σ5 fixes Q1 ∼= A5 and Q5 ∼= D4, and
permutes Q2 ∼= Q3 ∼= Q4 ∼= A5 cyclically, and that σ5|Q1 = ψ ∈ W (A5) ∼= W (Q1) and
σ5|Q5 = ϕ ∈ W (D4)ω. Let w ∈ W (D4) ∼= W (Q5) be such that wϕ = ω. Then we see that
σ := ψ−1wσ5 ∈ AutL satisfies (3.1.1) with rankLτ = 12. Thus we get #C12 ≥ 1.
Next, we show #C6 = 1 and #C12 = 1; we give a proof only for #C6 = 1 since #C12 = 1 can
be shown similarly. Assume that τ, τ ′ ∈ AutL satisfy (3.1.1) with rankLτ = rankLτ ′ = 6.
Write τ and τ ′ as: τ = τ0τH and τ
′ = τ ′0τ
′
H with τ0, τ
′
0 ∈ G0(L) and τH , τ ′H ∈ H(L) (see
(2.1.6)); remark that |τH | = |τ ′H | = 3 and |π2(τH)| = |π2(τ ′H)| = 3. Because G2(L) ∼= S4
has a unique conjugacy class consisting of order 3 elements, π2(τH) is conjugate to π2(τ
′
H) in
G2(L). Since G1(L) ∼= Z2 in this case (see table (2.1.9)), and since the sequence in (2.1.8)
is exact, it follows from Lemma 3.3.1 that τH is conjugate to τ
′
H in H(L). Let h ∈ H(L)
be such that h−1τHh = τ
′
H . Then, τ
′ = τ ′0τ
′
H = τ
′
0(h
−1τHh) = h
−1{(hτ ′0h−1)τH}h; note that
hτ ′0h
−1 ∈ G0(L). Hence, by replacing τ ′ with (hτ ′0h−1)τH , we may assume from the beginning
that τ ′H = τH . In particular, we have Φ(τ) = Φ(τ
′) ∈ SymCQ; we may assume without loss of
generality that Φ(τ) = Φ(τ ′) fixes Q1 ∼= A5 and Q5 ∼= D4, and permutes Q2 ∼= Q3 ∼= Q4 ∼= A5
cyclically as: Q2 → Q3 → Q4 → Q2.
By part (1), τ |Q5 ∈ AutD4 and τ ′|Q5 ∈ AutD4 are conjugate to ϕ in AutD4. Also,
since τ ′H = τH , we deduce from Lemma 3.2.2 (1) that both τ |Q5 and τ ′|Q5 are contained in
Con(ϕc;P ), where c = 1 or −1. Hence, by Lemma 3.2.2 (2), there exists y ∈ W (D4) ∼= W (Q5)
such that y−1(τ |Q5)y = τ ′|Q5. Then we see by a direct computation that y−1τy = τ ′′0 τH for
some τ ′′0 ∈ G0(L) such that τ ′′0 |Q5 = τ ′0|Q5. Hence we may assume from the beginning that
τ0|Q5 = τ ′0|Q5. Write τ0 ∈ G0(L) and τ ′0 ∈ G0(L) as:
τ0 = (x1, x2, x3, x4, x5), τ
′
0 = (x
′
1, x
′
2, x
′
3, x
′
4, x5).
with xm, x
′
m ∈ W (A5), 1 ≤ m ≤ 4, and x5 ∈ W (D5). Set
w := (1, x′2x
−1
2 , x
′
3x
−1
3 , x
′
4x
−1
4 , 1) ∈ G0(L).
We deduce from Lemma 3.3.3 that wτ = wτ0τH is conjugate to τ = τ0τH . Thus, by replacing τ
by wτ , we may assume that xm = x
′
m also for all 2 ≤ m ≤ 4. Since rankLτ = rankLτ ′ = 6, we
have rankQτ1 = rankQ
τ ′
1 = 1 by part (1). By Lemma 3.2.1, there exists z ∈ W (A5) ∼= W (Q4)
such that z−1
(
τ |Q1
)
z =
(
τ ′|Q1
)
. Then we see that z−1τz = τ ′. Thus we have proved part
(2). This completes the proof of Proposition 3.5.2.
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Proposition 3.5.3. Let L = Ni(Q) be the Niemeier lattice with Q = A241 , A
8
3, A
4
6, D
4
6, A
12
2 ,
or E46 . Set n := #CQ.
(1) If τ ∈ AutL satisfies (3.1.1), then Φ(τ) ∈ SymCQ fixes exactly k := n/4 elements in
CQ =
{
Qm | 1 ≤ m ≤ n
}
; we may assume that
τ(Qm) =

Qm+k if 1 ≤ m ≤ 2k,
Qm−2k if 2k + 1 ≤ m ≤ 3k,
Qm if 3k + 1 ≤ m ≤ n.
(3.5.1)
If the automorphism group of an indecomposable component of Q has a fixed-point-free
element of order 3, i.e., if Q = A122 or E
4
6 (see Lemma 3.2.1), then either (a) or (b)
below holds:
(a) τ acts on all of Qm’s, 3k + 1 ≤ m ≤ n, trivially, and rankLτ = 12;
(b) τ acts on all of Qm’s, 3k + 1 ≤ m ≤ n, fixed-point-freely, and rankLτ = 6.
Otherwise, τ acts on all of Qm’s, 3k + 1 ≤ m ≤ n, trivially, and rankLτ = 12.
(2) We have #C0 = #C18 = 0, and
#C12 =
{
2 if Q = A46,
1 otherwise,
#C6 =
{
1 if Q = A122 or E
4
6 ,
0 otherwise.
Proof. (1) First, let us check that Φ(τ) ∈ SymCQ fixes exactly n/4 elements in CQ.
If Q = A241 , then G2(L) is isomorphic to the Mathieu group M24 of degree 24 by ta-
ble (2.1.9). We know from [ATLAS, M24] that M24 has exactly two conjugacy classes 3A
and 3B of order 3 elements; when M24 acts on a set of 24 elements (such as CQ) nontrivially,
an element of 3A (resp., 3B) fixes exactly 6 elements (resp., 0 element) in the set. If Φ(τ)
is contained in 3B, then it follows from Lemma 3.3.2 that rankLτ = rankA81 = 8, which
contradicts (3.1.1). Thus we get Φ(τ) ∈ 3A, and hence Φ(τ) fixes exactly 6 elements in CQ.
If Q = A122 , then G2(L) is isomorphic to the Mathieu group M12 of degree 12 (see ta-
ble (2.1.9)), which has exactly two conjugacy classes 3A and 3B consisting of elements of
order 3 (see [ATLAS, M12]); when M12 acts on a set of 12 elements (such as CQ) nontrivially,
an element of 3A (resp., 3B) fixes exactly 3 elements (resp., 0 element) in the set. The same
argument as above shows that Φ(τ) ∈ 3A, and hence Φ(τ) fixes exactly 3 elements in CQ.
If Q = A83, then G2(L) is isomorphic to AGL3(2) by table (2.1.9), which is of type
23.PSL2(7) (see [CS, p. 408]), where PSL2(7) is the projective special linear group of degree
2 over F7. We see, by using the computer program “MAGMA” and [ATLAS] for example,
that this group has a unique conjugacy class of order 3 elements, and that when this group
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acts on a set of 8 elements (such as CQ) nontrivially, an element of the conjugacy class fixes
exactly 2 elements in the set.
If Q = D46 or E
4
6 , then G2(L) is isomorphic to S4 by table (2.1.9). The group S4 has a
unique conjugacy class of order 3 elements which consists of all 3-cycles. Hence, Φ(τ) fixes
exactly 1 element in CQ.
If Q = A46, then G2(L) is isomorphic to A4 by table (2.1.9). The group A4 has exactly two
conjugacy classes of order 3 elements, which contain the 3-cycles (123) ∈ A4 and (132) ∈ A4,
respectively. Hence, Φ(τ) fixes exactly 1 element in CQ.
Next, we see from Lemma 3.3.2 that
6Z ∋ rankLτ =
k∑
m=1
rankQm︸ ︷︷ ︸
=6
+
n∑
m=3k+1
rankQτm︸ ︷︷ ︸
≤6
, (3.5.2)
and hence rankLτ = 6 or 12. If rankLτ = 6 (resp., = 12), then rankQτm = 0 (resp.,
= rankQm) for all 3k+1 ≤ m ≤ n, which implies that τ acts on all of Qm’s, 3k+1 ≤ m ≤ n,
fixed-point-freely (resp., trivially). Thus we have proved part (1).
(2) Part (1) shows that #C0 = #C18 = 0 in all the cases in this proposition, and also that
#C6 = 0 if Q is neither A122 nor E46 . Let us show that
#C12 ≥ 1 if Q = A241 , A83, D46, A122 , or E46 ,
#C12 ≥ 2 if Q = A46,
#C6 ≥ 1 if Q = A122 or E46 .
(3.5.3)
We see from the proof of part (1) above that if Q = A241 , A
8
3, D
4
6, A
12
2 , or E
4
6 (resp., Q = A
4
6),
then G2(L) ∼= Φ(AutL) ( SymCQ) has a unique conjugacy class C (resp., exactly two
conjugacy classes C1 and C2) of order 3 elements which fix exactly k = n/4 elements in CQ.
Here we observe that G1(L) = 1 or Z2 in all the cases in this proposition (see table (2.1.9)),
and recall that the sequence in (2.1.8) is exact. Let C (resp., C1 and C2) be the conjugacy
class of order 3 elements in H(L) = AutL ∩ (G1(Q) : G2(Q)) corresponding to C (resp., C1
and C2) under the canonical projection H(L) ։ H(L)/G1(L) ∼= G2(L) (see Lemma 3.3.1).
Take an arbitrary element σ ∈ C ⊂ H(L) (resp., σ ∈ Cp with p = 1, 2). It is obvious
that Φ(σ) fixes exactly k = n/4 elements in CQ, and so we may assume that Φ(σ) acts
on CQ as (3.5.1). Because the automorphism group of an indecomposable component of Q
does not have a Dynkin diagram automorphism of order 3, we see that σ|Qm = id for all
3k + 1 ≤ m ≤ n. Thus we get rankLσ = 12 ∈ 6Z (see (3.5.2) above), which implies that
#C12 ≥ 1 in these cases (resp., #C12 ≥ 2 since an element of C1 is not conjugate to an
element of C2 also in AutL). In addition, if Q = A
12
2 or E
4
6 , then for every 3k + 1 ≤ m ≤ n,
there exists an element wm ∈ W (Qm) which acts on Qm fixed-point-freely (see Lemma 3.2.1).
20
Then, σ′ :=
(∏n
m=3k+1wm
)
σ ∈ AutL satisfies (3.1.1) with rankLσ′ = 6. Thus, #C6 ≥ 1 if
Q = A122 or E
4
6 .
Next, we prove that the equalities hold in all of inequalities (3.5.3); we show the equalities
only for #C12 since the equality for #C6 can be shown similarly. Assume that τ ∈ AutL
satisfies (3.1.1) with rankLτ = 12; it suffices to show that τ is conjugate to an element in
D ⊂ H(L), where we set
D :=
{
C if Q = A241 , A
8
3, D
4
6, A
12
2 , or E
4
6 ,
C1 ⊔ C2 if Q = A46.
Write τ as: τ = τ0τH with τ0 ∈ G0(L) = W (Q) and τH ∈ H(L) (see (2.1.6)). We deduce
from part (1) and the definitions of C and Cp, p = 1, 2, that Φ(τH) = Φ(τ) ∈ D (⊂ G2(L) ∼=
Φ(AutL)), where we set
D :=
{
C if Q = A241 , A
8
3, D
4
6, A
12
2 , or E
4
6 ,
C1 ⊔ C2 if Q = A46.
Because π2(τH) corresponds to Φ(τ) = Φ(τH) under the identification G2(L) ∼= Φ(AutL), it
follows from part (1) and the argument above that π2(τH) ∈ D, which implies that τH ∈ D
by the definitions of C and Cp, p = 1, 2.
Now, let us write τ0 ∈ G0(L) = W (Q) =
∏n
m=1W (Qm) as: τ0 = (x1, x2, x3, x4),
where xi ∈
∏ik
m=(i−1)k+1W (Qm) for 1 ≤ i ≤ 3, and x4 ∈
∏n
m=3k+1W (Qm). If we set
w := (x−11 , x
−1
2 , x
−1
3 , 1), then we deduce from Lemma 3.3.3 that wτ = wτ0τH is conjugate
to τ = τ0τH . Thus, by replacing τ with wτ , we may assume that xi = 1 for 1 ≤ i ≤ 3.
Now, because rankLτ = 12, we see from the proof of part (1) that τ(Qm) = Qm and
rankQτm = rankQm for all 3k + 1 ≤ m ≤ n. Hence, τ |Qm =
(
x4|Qm
)(
τH |Qm
)
= id for all
3k + 1 ≤ m ≤ n, which implies that x4 = 1. Therefore we get τ = τH ∈ D. Thus we have
proved part (2). This completes the proof of Proposition 3.5.3.
3.6 Proof of Theorem 3.1.2 (2): Case that Q = D64. Finally, let us consider the case
of L = Ni(Q) with Q = D64; throughout this subsection, we use the description of the glue
code L/Q in §2.4. We should remark that G1(L) ∼= Z3, and that G2(L) ∼= S6 ∼= G2(Q) and
hence G2(L) = G2(Q).
We divide this case into two propositions: in Proposition 3.6.1 (resp., Proposition 3.6.2),
we consider the case that τ ∈ AutL is contained (resp., not contained) in G0(L) : G1(L), or
equivalently, Φ(τ) = 1 ∈ SymCQ ∼= S6 (resp., Φ(τ) ∈ SymCQ ∼= S6 is of order 3).
Proposition 3.6.1. Let L = Ni(Q) be the Niemeier lattice with Q = D64. We have three
automorphisms ϕ(6), ϕ(3)ω(3), ω(6) ∈ G0(L) : G1(L) which satisfy (3.1.1), and act on Q = D64
as:
(γ1, γ2, γ3, γ4, γ5, γ6)
ϕ(6)7−→ (ϕ(γ1), ϕ(γ2), ϕ(γ3), ϕ(γ4), ϕ(γ5), ϕ(γ6)),
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(γ1, γ2, γ3, γ4, γ5, γ6)
ϕ(3)ω(3)7−→ (ϕ(γ1), ϕ(γ2), ϕ(γ3), ω(γ4), ω(γ5), ω(γ6)),
(γ1, γ2, γ3, γ4, γ5, γ6)
ω(6)7−→ (ω(γ1), ω(γ2), ω(γ3), ω(γ4), ω(γ5), ω(γ6)),
respectively. We have rankLϕ
(6)
= 0, rankLϕ
(3)ω(3) = 6, rankLω
(6)
= 12, and also G1(L) =〈
ω(6)
〉
. Moreover, if τ ∈ G0(L) : G1(L) satisfies (3.1.1), then τ is conjugate to exactly one of
the automorphisms above.
Proof. By the same argument as in [SS, §4.2], we see that ω(6) preserves the glue code
L/Q (note that the actions of ω and ϕ on D∗4/D4 are same). Thus, ω
(6) ∈ AutL. Since
ϕ ∈ W (D4)ω, it follows immediately that ϕ(6) and ϕ(3)ω(3) are contained in G0(L)ω(6) =
W (Q)ω(6) ⊂ AutL; indeed, ϕ(6) and ϕ(3)ω(3) are nothing but σ2, σ3 ∈ AutL as in §2.4,
respectively. The equalities on the ranks of the fixed-point lattices follow immediately from
Lemma 3.3.2 and (2.2.3). Also, G1(L) =
〈
ω(6)
〉
is an immediate consequence of the fact that
G1(L) = Z3.
Now, let us show that if τ ∈ G0(L) : G1(L) satisfies (3.1.1), then τ is conjugate to one
of ϕ(6), ϕ(3)ω(3), and ω(6). Write τ as: τ = τ0τ1 with τ0 ∈ G0(L) and τ1 ∈ G1(L). Because
G1(L) =
〈
ω(6)
〉
as shown above, and τ /∈ G0(L), we have τ1 = ω(6) or (ω(6))−1.
Claim 1. (ω(6))−1 is conjugate to ω(6) in H(L) = AutL ∩ (G1(Q) : G2(Q)).
Proof of Claim 1. We know from [CS, p. 408 and Chapter 18, §4, IX] that the glue code L/Q
forms the [6, 3, 4] hexacode (see [CS, Chapter 3, §2.5, (2.5.2)]). Then, the group H(L) is iso-
morphic to the (nonsplit) group extension 3.S6 of S6 ∼= G2(L) by Z3 ∼= G1(L) as mentioned
after [CS, Chapter 3, §2.5, (66)]. We see from the character table of H(L) ∼= 3.S6 (which we
can obtain by the computer program “MAGMA”) that H(L) has 3 conjugacy classes of order
3 elements, having 2, 120, 120 elements, respectively. Since G1(L) =
{
1, ω(6), (ω(6))−1
}
is
a normal subgroup of H(L), it follows immediately that
{
ω(6), (ω(6))−1
}
is one of the three
conjugacy classes of order 3 elements. Thus, (ω(6))−1 is conjugate to ω(6) in H(L).
Let h ∈ H(L) be such that h−1(ω(6))−1h = ω(6). Here we should remark that g−1τg is
contained in G0(L) : G1(L) and satisfies (3.1.1) for all g ∈ AutL, since G0(L) : G1(L)⊳AutL
and G0(L)⊳AutL. Thus, by replacing τ by h
−1τh = (h−1τ0h)(h
−1τ1h) if necessary, we may
assume from the beginning that τ1 = ω
(6).
Now, let CQ =
{
Q1, . . . , Q6
}
. For each 1 ≤ m ≤ 6, we have τ |Qm = (τ0|Qm)ω ∈ W (D4)ω.
Hence, by Lemma 3.2.2 (1), τ |Qm is conjugate to either ω or ϕ in P for each 1 ≤ m ≤ 6.
Then we see from Lemma 3.2.2 (1) and (2.2.3) that rankQτm = 0 (resp., = 2) if and only if
τ |Qm is conjugate to ϕ (resp., ω). Because rankLτ ∈ 6Z, it can be easily checked that
#
{
1 ≤ m ≤ 6 | rankQτm = 0
}
= 0, 3, or 6.
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If #
{
1 ≤ m ≤ 6 | rankQτm = 0
}
= 3, then we may assume that
rankQτm =
{
0 for 1 ≤ m ≤ 3,
2 for 4 ≤ m ≤ 6.
(3.6.1)
Indeed, we first claim that
Claim 2. Let g ∈ H(L) be such that π2(g) ∈ G2(L) ∼= S6 is contained in A6 ⊳S6. Then,
g−1ω(6)g = ω(6).
Proof of Claim 2. Remark that H(L) acts on G1(L) ∼= Z3 by conjugation since G1(L)⊳H(L).
Thus we obtain a group homomorphism H(L) → AutG1(L) ∼= Z2, which induces a group
homomorphism G2(L) ∼= H(L)/G1(L) → AutG1(L) ∼= Z2. Hence, A6 ⊳ S6 ∼= G2(L) is
contained in the kernel of this group homomorphism. Thus we have proved Claim 2.
Now, let us assume that
{
1 ≤ m ≤ 6 | rankQτm = 0
}
=
{
a, b, c
}
. Because the action of
A6 on a set of 6 elements (such as CQ) is 4-transitive, there exists g2 ∈ A6 (⊳S6 ∼= G2(L))
such that g2(1) = a, g2(2) = b, g2(3) = c. Let g ∈ H(L) be such that π2(g) = g2; by Claim 1,
we have g−1ω(6)g = ω(6), and hence
g−1τg = (g−1τ0g)(g
−1τ1g) = (g
−1τ0g)(g
−1ω(6)g) = (g−1τ0g)︸ ︷︷ ︸
∈G0(L)
ω(6).
Also, we see that rankQg
−1τg
m = 0 for 1 ≤ m ≤ 3, and rankQg−1τgm = 2 for 4 ≤ m ≤ 6. Thus,
by replacing τ by g−1τg, we may assume (3.6.1).
We see from Lemma 3.2.2 (2) that for each 1 ≤ m ≤ 6, if rankQτm = 0 (resp., = 2), or
equivalently, if τ |Qm is conjugate to ϕ (resp., ω), then there exists ym ∈ W (D4) such that
y−1m
(
τ |Qm
)
ym = ϕ (resp., ω); set y :=
∏6
m=1 ym ∈ G1(L). Then, for each 1 ≤ m ≤ 6,
(y−1τy)|Qm = y−1m
(
τ |Qm
)
ym =
{
ϕ if rankQτm = 0,
ω if rankQτm = 2.
By (3.6.1), we see that y−1τy is equal to ω(6), ϕ(3)ω(3), or ϕ(6). Thus we have proved the
proposition.
Proposition 3.6.2. Let L = Ni(Q) be the Niemeier lattice with Q = D64. We have two
automorphisms σ, σ′ ∈ AutL\ (G0(L) : G1(L)) which satisfy (3.1.1), and act on Q = D64 as:
(γ1, γ2, γ3, γ4, γ5, γ6)
σ′7−→ (ψ(γ1), ϕ(γ2), ϕ−1(γ3), γ6, ϕ−1(γ4), ϕ(γ5)),
(γ1, γ2, γ3, γ4, γ5, γ6)
σ7−→ (γ1, ω(γ2), ω−1(γ3), γ6, ω−1(γ4), ω(γ5)),
respectively. We have rankLσ
′
= 6 and rankLσ = 12. Moreover, if τ ∈ AutL \ (G0(L) :
G1(L)
)
satisfies (3.1.1), then τ is conjugate to σ or σ′ as above.
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Proof. The map σ′ is nothing but σ4 ∈ AutL (see §2.4). Because G0(L) = W (Q) =∏6
m=1W (Qm)  AutL, and because ϕ ∈ W (D4)ω and ψ ∈ W (D4), we see that σ ∈
W (Q)σ′ ⊂ AutL. Since σ is a composition of Dynkin diagram automorphisms and a per-
mutation of components, we see that σ ∈ G1(Q) : G2(Q) with the notation in §2.1. Hence,
by (2.1.6), we have σ ∈ H(L). The equalities on the ranks of the fixed-point lattices follow
immediately from Lemma 3.3.2, along with (2.2.3).
Now, let us show that if τ ∈ AutL \ (G0(L) : G1(L)) satisfies (3.1.1), then τ is conjugate
to either σ or σ′. Since G2(L) ∼= S6, we see that Φ(τ) acts on the set CQ (of 6 elements)
as a 3-cycle or a product of two mutually commutative 3-cycles; in the former case (resp.,
the later case), Φ(τ) fixes 3 elements (resp., 0 element) in CQ. If Φ(τ) fixes no element in
CQ, then it follows from Lemma 3.3.2 that rankL
τ = rankD24 = 8, which contradicts (3.1.1).
Thus we conclude that Φ(τ) fixes 3 elements, that is, Φ(τ) acts on CQ as a 3-cycle.
Write τ as: τ = τ0τH with τ0 ∈ G0(L) and τH ∈ H(L); note that τH is of order 3,
and Φ(τH) acts on CQ as a 3-cycle. Recall that H(L) has 3 conjugacy classes of order 3
elements, having 2, 120, 120 elements, respectively (see the proof of Claim 1 in the proof of
Proposition 3.6.1). Furthermore we see from the character table of H(L) ∼= 3.S6 that one of
these conjugacy classes (having 120 elements) consists of all order 3 elements which act on CQ
as 3-cycles; notice that σ ∈ H(L) is contained in this conjugacy class. Thus, τH is conjugate
to the σ above in H(L). Because G0(L) ⊳ AutL, we may assume from the beginning that
τH = σ.
Now, let CQ :=
{
Q1, . . . , Q6
}
. Because τ = τ0τH = τ0σ, it follows from Lemma 3.3.2,
along with Lemma 3.2.2 (1) and (2.2.3), that
6Z ∋ rankLτ = rankQτ = rankQτ1︸ ︷︷ ︸
=2or 4
+ rankQτ2︸ ︷︷ ︸
=0or 2
+ rankQτ3︸ ︷︷ ︸
=0or 2
+ rankQ4︸ ︷︷ ︸
=4
Therefore,
(
rankQτ1, rankQ
τ
2 , rankQ
τ
3
)
= (2, 0, 0) or (4, 2, 2). Let us verify that τ is conjugate
to σ′ in the former case; it can be shown similarly that τ is conjugate to σ in the latter
case. Observe that τ |Q1 ∈ P (resp., τ |Q2 ∈ P , τ |Q3 ∈ P ) is conjugate to ψ (resp., ϕ,
ϕ−1) in P . By Lemma 3.2.2 (2), there exists y1 ∈ W (D4) ∼= G0(Q1) (resp., y2 ∈ W (D4) ∼=
G0(Q2), y3 ∈ W (D4) ∼= G0(Q3)) such that y−11
(
τ |Q1
)
y1 = ψ (resp., y
−1
2
(
τ |Q2
)
y2 = ϕ
−1,
y−13
(
τ |Q3
)
y3 = ϕ). Set y :=
∏3
m=1 ym ∈ G0(L). Then we see that (y−1τy)|Qm = σ′|Qm for
1 ≤ m ≤ 3. Furthermore, we deduce by Lemma 3.3.3 (see also the argument at the end
of the proof of Proposition 3.5.2) that this y−1τy is conjugate to σ′. Thus we have proved
Proposition 3.6.2.
Combining Propositions 3.6.1 and 3.6.2, we see that #C0 = 1 + 0 = 1, #C6 = 1 + 1 = 2,
#C12 = 1 + 1 = 2, #C18 = 0 + 0 = 0 in the case of Q = D64. This completes the proof of
Theorem 3.1.2 (2).
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4 Review on Miyamoto’s Z3-orbifold construction.
In this section, we review lattice VOAs, twisted modules over lattice VOAs, and Miyamoto’s
Z3-orbifold construction; for details, see [LL, §6.4 and §6.5] (and also [SS, §2.1]), [L, DL2]
(and also [SS, §2.2]), and [M] (and also [SS, §2.3]), respectively. Here we use the notation in
[SS, §2].
4.1 Lattice VOAs. Let L be a positive-definite, even lattice with Z-bilinear form 〈· , ·〉,
and let VL :=M(1)⊗CC{L} be the lattice VOA associated with L, with the vertex operator
Y (· , z) : VL → (EndC VL)[[z, z−1]], a 7→ Y (a, z) =
∑
n∈Z
anz
−n−1,
where M(1) is the free boson VOA associated to h := L ⊗Z C (regarded as an abelian Lie
algebra), and C{L} is the twisted group ring of L (for details, see [SS, §2.1]). Recall that
VL is spanned by the elements of the form: hk(−nk) · · ·h1(−n1)1 ⊗ eα with h1, . . . , hk ∈ h,
n1, . . . , nk ∈ Z>0, and α ∈ L; the weight of this element is equal to
nk + · · ·+ n1 + 〈α, α〉
2
∈ Z≥0.
In particular, the weight one subspace (VL)1 of VL is spanned by
{
h(−1)1 ⊗ e0 | h ∈ h} ∪{
1⊗ eα | α ∈ ∆}, where ∆ := {α ∈ L | 〈α, α〉 = 2}.
4.2 Twisted modules over lattice VOAs. Let L be a positive-definite, even lattice
with Z-bilinear form 〈· , ·〉. If τ ∈ AutL is of odd order, then there exists a τ -invariant 2-
cocycle ε0 : L× L→ Z/sZ, where s = 2|τ | (see, for example, the argument at the beginning
of [SS, §2.2]). Hence each τ ∈ AutL of odd order induces a VOA automorphism of VL,
denoted also by τ , of the same order such that
τ
(
hk(−nk) · · ·h1(−n1)1⊗ eα
)
:= (τhk)(−nk) · · · (τh1)(−n1)1⊗ eτα (4.2.1)
for h1, . . . , hk ∈ h, n1, . . . , nk ∈ Z>0, and α ∈ L.
Assume that L is a Niemeier lattice, and τ ∈ AutL is of order 3. Since VL is holomorphic
and C2-cofinite, we see from [DLM, Theorem 10.3] that there exists a unique irreducible
τ -twisted VL-module, which we denote by VL(τ). We know from [L, DL2] (see also [SS,
§2.2]) the following realization of VL(τ). Let ζ be a primitive third root of unity, and set
h(m) =
{
h ∈ h | τ(h) = ζmh} for m ∈ Z; note that h(m) = h(m+3) for every m ∈ Z. Define
the τ -twisted affinization ĥ[τ ] of h and its Lie subalgebra ĥ[τ ]≥0 by
ĥ[τ ] :=
⊕
n∈(1/3)Z
(
h(3n) ⊗C Ctn
)⊕ Ck (with k a central element),
ĥ[τ ]≥0 :=
⊕
n∈(1/3)Z≥0
(
h(3n) ⊗C Ctn
)⊕ Ck,
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respectively, and then define the “τ -twisted” free bosonic space M(1)[τ ] := Ind
ĥ[τ ]
ĥ[τ ]≥0
C. Fur-
thermore, following [L, DL2] (see also [SS, §2.2]), we define a certain central extension L̂τ of L
by the cyclic group 〈κ〉 of order 2|τ | = 6. Let N := {α ∈ L | 〈α, h(0)〉 = {0}}, and N̂τ  L̂τ
the inverse image of N ⊂ L under the canonical projection L̂τ ։ L. By [L, DL2], there
exists a unique finite-dimensional, irreducible N̂τ -module T (τ) such that M(1)[τ ] ⊗C U(τ),
with U(τ) := IndL̂τ
N̂τ
T (τ), can be endowed with an irreducible τ -twisted VL-module structure;
we have VL(τ) ∼= M(1)[τ ]⊗C U(τ) by the uniqueness and irreducibility of τ -twisted modules.
The τ -twisted vertex operator for VL(τ) is denoted by
Yτ (· , z) : VL → (EndC VL(τ))[[z1/3, z−1/3]], a 7→ Yτ(a, z) =
∑
n∈(1/3)Z
anz
−n−1.
Notice that VL(τ) is spanned by the elements of the form: hk(−nk) · · ·h1(−n1)1⊗ (g · t) with
n1, . . . , nk ∈ (1/3)Z>0, h1 ∈ h(−3n1), . . . , hk ∈ h(−3nk), g ∈ L̂τ , and t ∈ T (τ); the weight of
this element is equal to
nk + · · ·+ n1 +
〈g(0), g(0)〉
2
+ ρ, (4.2.2)
where
ρ :=
1
18
(dim h(1) + dim h(2)) =
1
18
(rankL− rankLτ ), (4.2.3)
the map · : L̂τ ։ L is the canonical projection from L̂τ onto L, and for h ∈ h and m ∈ Z,
h(m) ∈ h(m) denotes the image of h under the orthogonal projection from h onto h(m). Remark
that ρ is the top weight of VL(τ), that is, VL(τ) =
⊕
n∈(1/3)Z≥0
VL(τ)n+ρ.
4.3 Miyamoto’s Z3-orbifold construction. Let L be a Niemeier lattice, and let τ ∈
AutL be such that |τ | = 3 and rankLτ ∈ 6Z; by (4.2.3), for each r = 1, 2, the top weight ρ of
the irreducible τ r-twisted VL-module VL(τ
r) is equal to 1/3 (resp., 2/3, 1, 4/3) if rankLτ = 18
(resp., 12, 6, 0). Set VL(τ
r)Z :=
⊕
n∈Z VL(τ
r)n for r = 1, 2, and then define
V˜ τL := V
τ
L ⊕ VL(τ)Z ⊕ VL(τ 2)Z, (4.3.1)
where V τL is the fixed-point subVOA of VL under τ ∈ Aut VL. We know the following theorem
from [M, §3].
Theorem 4.3.1. Keep the notation and setting above. We can give V˜ τL a VOA structure of
central charge 24 = rankL. Furthermore, V˜ τL is holomorphic and C2-cofinite.
Remark 4.3.2.
(1) The holomorphic VOA V˜ τL = V
τ
L ⊕ VL(τ)Z ⊕ VL(τ 2)Z is a Z3-graded, simple current
extension of the τ -fixed subVOA V τL of VL; for the definition and properties of simple
current extensions, see [LY, §2] for example. Thus the linear automorphism φ of V˜ τL
defined by: φ|V τ
L
= 1, φ|VL(τ)Z = ζ , and φ|VL(τ2)Z = ζ2 is a VOA automorphism of V˜ τL .
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(2) Let σ, τ ∈ AutL be of order 3. If σ and τ are conjugate to each other in AutL,
then σ, τ ∈ Aut VL are also conjugate to each other in Aut VL. Indeed, we see from
[DN, Theorem 2.1] that σ, τ are contained in O(L̂) = Hom(L, Z2).AutL  Aut VL.
So it suffices to show that every element in Hom(L, Z2)σ of order 3 is conjugate to
each other. Let xσ ∈ Hom(L, Z2)σ be of order 3, with x ∈ Hom(L, Z2), x 6= 1; we
show that xσ is conjugate to σ in Aut VL. Indeed, we see that σ is of order 3, and
(xσ−1)3 = 1. Hence, (σxσ−1)−1(xσ)(σxσ−1) = σ(xσ−1)3 = σ. Thus we have shown
that xσ is conjugate to σ in Aut VL, as desired.
We denote by
Y˜ (· , z) : V˜ τL → (EndC V˜ τL )[[z, z−1]], a 7→ Y˜ (a, z) =
∑
n∈Z
anz
−n−1
the vertex operator for the VOA V˜ τL ; remark that for a ∈ V τL ,
Y˜ (a, z) =

Y (a, z) on V τL ,
Yτ (a, z) on VL(τ)Z,
Yτ2(a, z) on VL(τ
2)Z.
Lemma 4.3.3. Keep the notation and setting above. We set
H0 :=
{
h(−1)1 ⊗ e0 | h ∈ h(0)
} ⊂ (V τL )1;
H1 :=
{
h(−1/3)1⊗ t | h ∈ h(−1), t ∈ T (τ)
} ⊂ (VL(τ))ρ+1/3;
H2 :=
{
h(−1/3)1⊗ t | h ∈ h(−2), t ∈ T (τ 2)
} ⊂ (VL(τ 2))ρ+1/3.
Let a ∈ H0. Then the 0-th operator a0 ∈ EndC VL acts on H0 trivially. Also, for each r = 1, 2,
the 0-th operator a0 ∈ EndC VL(τ r) acts on both of Hr and the top weight subspace VL(τ r)ρ
trivially.
Proof. Let a ∈ H0 and r = 1, 2. First, it is obvious from the definition of the vertex operator
on VL (or, is well-known) that a0 ∈ EndC VL acts on H0 trivially. Next we know from
[SS, Lemma 2.2.2 (1)] that a0 ∈ EndC VL(τ r) acts on VL(τ r)ρ trivially. Finally, it follows
immediately from [SS, (2.2.8) and (2.2.9)] that a0 ∈ EndC VL(τ r) acts on Hr trivially. Thus
we have proved the lemma.
4.4 Lie algebra of the weight one subspace. Let V =
⊕
n∈Z≥0
Vn be an arbitrary
VOA, with Y (· , z) : V → (EndC V )[[z, z−1]], a 7→ Y (a, z) =
∑
n∈Z anz
−n−1, as the vertex
operator. If dimV0 = 1, then the weight one subspace V1 has a Lie algebra structure with the
Lie bracket defined by [a, b] := a0b for a, b ∈ V1. When the Lie algebra V1 is a semisimple Lie
algebra, we define the level of a simple component of V1 as follows. Assume that s ⊂ V1 is a
simple ideal of type Xm. Let κs(· , ·) be the Killing form of s normalized so that the norm
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of a long root of s is equal to 2. Then there exists ℓs ∈ C such that for every x, y ∈ s and
u, v ∈ Z,
[xu, yv] = (x0y)u+v + ℓsuδu+v, 0κs(x, y) idV in EndC V . (4.4.1)
We call ℓs the level of s, and say that s is of type Xm, ℓs
Now, keep the notation and setting in §4.3. Since the VOA V˜ τL in Theorem 4.3.1 satisfies
dim(V˜ τL )0 = dim(V
τ
L )0 = 1, the weight one subspace (V˜
τ
L )1 has a Lie algebra structure. Be-
cause V˜ τL is holomorphic and C2-cofinite, it follows immediately from [DM1, Theorem 3] that
the Lie algebra (V˜ τL )1 is either {0}, the abelian Lie algebra of dimension 24, or a semisimple
Lie algebra of rank less than or equal to 24.
Remark 4.4.1. For simplicity of notation, we often set
g := (V˜ τL )1 = (V
τ
L )1︸ ︷︷ ︸
=:g0
⊕VL(τ)1︸ ︷︷ ︸
=:g1
⊕VL(τ 2)1︸ ︷︷ ︸
=:g2
. (4.4.2)
Because V˜ τL = V
τ
L ⊕ VL(τ)Z⊕ VL(τ 2)Z is a Z3-grading of the VOA V˜ τL (see Remark 4.3.2 (1)),
we see that g = g0⊕g1⊕g2 is a Z3-grading of the Lie algebra g. Furthermore, the restriction
of the VOA automorphism φ ∈ Aut V˜ τL (see Remark 4.3.2 (1)) to the Lie algebra g is nothing
but the Lie algebra automorphism corresponding to the Z3-grading (see [K, §8.1]).
5 VOA structure of V˜ τL .
5.1 Main result in §5. By the following theorem, we conclude that the VOAs obtained
in [M] and [SS] are all of non-lattice VOAs which we can obtain by applying Miyamoto’s
Z3-orbifold construction to a Niemeier lattice and its automorphism.
Theorem 5.1.1. Let L be a Niemeier lattice, and let τ ∈ AutL be such that |τ | = 3 and
rankLτ ∈ 6Z. Let V˜ τL be the holomorphic VOA obtained by applying Theorem 4.3.1 to these
L and τ .
(1) If τ is contained in the Weyl group G0(L), then V˜
τ
L is isomorphic to the lattice VOA
associated to a Niemeier lattice.
(2) Assume that L = Λ, the Leech lattice; note that rankΛτ ∈ {0, 6, 12} by table (3.1.4).
If rankΛτ = 0, then (V˜ τΛ )1 = {0} (see also Remark 5.1.2 below). Otherwise, V˜ τΛ ∼= VΛ.
(3) Assume that L 6= Λ and τ /∈ G0(L); note that rankLτ ∈
{
0, 6, 12
}
by table (3.1.4).
(3a) If rankLτ = 0 or 6, then V˜ τL is isomorphic to one of the holomorphic non-lattice
VOAs obtained in [M] and [SS].
(3b) If rankLτ = 12, then V˜ τL
∼= VL.
Remark 5.1.2. If L = Λ and rankΛτ = 0, then V˜ τΛ would be isomorphic to the Moonshine
VOA V ♮ (see [M, §3.1]).
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5.2 Proof of Theorem 5.1.1 (1) – case of τ ∈ G0(L). We first assume that L is a
positive-definite, even lattice. Let VL be the lattice VOA associated to L. For each a ∈ (VL)1,
exp a0 is a VOA automorphism of VL (see [DN, §2.3]), where a0 ∈ EndC VL denotes the 0-th
operator of a ∈ VL. Set
G :=
〈
exp a0 | a ∈ (VL)1
〉  AutVL;
notice that the restriction of an element in G to (VL)1 is an inner automorphism of the Lie
algebra (VL)1 in the sense of [H, §2.3].
The next lemma and Lemma 5.2.3 are well-known (or easy exercises for experts), but we
give proofs for them for completion.
Lemma 5.2.1. Keep the notation and setting above. Let τ ∈ G be of finite order. Then the
τ -fixed subVOA V τL of VL is isomorphic to a lattice VOA.
Proof. We first remark that (VL)1 is reductive. By [K, Proposition 8.1], there exists a Cartan
subalgebra h′ of (VL)1 such that τ = exp h0 for some h ∈ h′. Since Cartan subalgebras of
(VL)1 are conjugate under G, there exists g ∈ G such that g(h′) is identical to the canonical
Cartan subalgebra
{
h(−1)1 ⊗ e0 | h ∈ h} of (VL)1. Set τ ′ = gτg−1 = exp g(h)0. Since g(h)
is contained in the canonical Cartan subalgebra above, we deduce that τ ′ acts on M(1)⊗ eβ
as the scalar multiple by exp 〈g(h), β〉 for each β ∈ L. Because |τ ′| = |τ | < ∞, it follows
immediately that
(
exp 〈g(h), β〉)|τ | = 1 for every β ∈ L. Set v := |τ |g(h)/2π√−1; since
exp 〈g(h), β〉 = exp (2π√−1〈v, β〉/|τ |) for β ∈ L, we see that 〈v, β〉 ∈ Z for every β ∈ L,
and that τ ′ acts trivially on M(1)⊗ eβ if and only if 〈v, β〉 ∈ |τ |Z. So, let us set J := {β ∈
L | 〈v, β〉 ∈ |τ |Z} ⊂ L; clearly it is a sublattice of L. Since 〈v, L〉 ⊂ Z as seen above, we have
|τ |L ⊂ J , and hence J ⊗Z C = L ⊗Z C = h. Therefore we conclude that V τ ′L = VJ . Since τ ′
is conjugate to τ under G  Aut VL by the definition, it follows immediately that V τL ∼= V τ ′L .
Combining these, we obtain V τL
∼= VJ , thereby completing the proof of the lemma.
Remark 5.2.2. It is well-known that if VL ∼= VL′ then L ∼= L′. Also, if V τL ∼= VJ , then J is
isomorphic to a sublattice of L with #(L/J) = |τ |.
Lemma 5.2.3. Let J be a positive-definite, even lattice. If U is a simple current extension
of the lattice VOA VJ , then U is isomorphic to the lattice VOA associated to a sublattice of
J∗.
Proof. By [D], every irreducible VJ -module is isomorphic to Vλ+J for some λ + J ∈ J∗/J .
Hence there exists a subset S ⊂ J∗/J such that U ∼=⊕λ+J∈S Vλ+J . By the fusion product
Vλ+J⊠Vµ+J ∼= Vλ+µ+J (see [DL1, Corollary 12.10]), we deduce that the subset S is a subgroup
of J∗/J . Hence there exists a sublattice M ⊂ J∗ such that S = M/J . By the uniqueness of
simple current extensions (see [DM2, Proposition 5.3]), we have U ∼= VM as VOAs. Thus we
have proved the lemma.
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Combining these lemmas, we obtain the following proposition.
Proposition 5.2.4. Let L be a positive-definite, even lattice, and let τ ∈ G be of finite order.
If V˜ τL is a simple current extension of V
τ
L , then it is isomorphic to a lattice VOA.
Proof of Theorem 5.1.1 (1). We deduce from [K, Lemma 3.8] and [DN, Lemma 2.5] that τ ∈
G = 〈exp a0 | a ∈ (VL)1〉. It follows immediately from Remark 4.3.2 (1) and Proposition 5.2.4
that the VOA V˜ τL is isomorphic to a lattice VOA. Because the central charge of V˜
τ
L is equal to
24, the rank of the lattice is equal to 24. Furthermore, because V˜ τL is holomorphic, it follows
immediately that the lattice is unimodular. Hence the lattice is a Niemeier lattice. Thus we
have proved Theorem 5.1.1 (1).
5.3 Proof of Theorem 5.1.1 (2) – case of the Leech lattice. Recall that the Leech
lattice Λ is a unique Niemeier lattice whose root lattice Q is identical to
{
0
}
.
Now, let us start to prove Theorem 5.1.1 (2). The assertion for the case of rankΛτ = 0
has been proved in [M, §3.1]. Assume that rankΛτ = 6 or 12. For simplicity of notation, set
g := (V˜ τΛ )1 = (V
τ
Λ )1︸ ︷︷ ︸
=:g0
⊕VΛ(τ)1︸ ︷︷ ︸
=:g1
⊕VΛ(τ 2)1︸ ︷︷ ︸
=:g2
;
note that g0 =
{
h(−1)1⊗ e0 | h ∈ h(0)
}
= H0 (with notation in Lemma 4.3.3) since Q = {0}.
Therefore, g0 is an abelian Lie subalgebra of g by Lemma 4.3.3, and dim g0 = rankΛ
τ ∈{
6, 12
}
.
We first assume that rankΛτ = 6. Then we see from (4.2.3) that the top weights of
VΛ(τ) and VΛ(τ
2) are both equal to 1, and hence g1 and g2 are the top weight subspaces
of VΛ(τ) and VΛ(τ
2), respectively. Therefore it follows immediately from Lemma 4.3.3 that
[g0, g1] = [g0, g2] = {0}, which implies that g0 is a (nontrivial) abelian ideal of g. Thus we
conclude by [DM1, Theorem 3] that (V˜ τΛ )1 is an abelian Lie algebra of rank 24, and V˜
τ
Λ
∼= VΛ,
as desired.
We next assume that rankΛτ = 12. By [DM1, Theorem 3], g is abelian or semisimple.
Suppose, by contradiction, that g is semisimple. We deduce from [SS, (2.2.8) and (2.2.9)]
that ad a = a0 is diagonalizable on g for every element a ∈ g0 = H0. Thus, by [K, Lemma
8.1 b)], the centralizer z of g0 in g is a Cartan subalgebra of g. Define H1 and H2 as in
Lemma 4.3.3; note that Hr ⊂ (VL(τ r))1 for r = 1, 2 since rankLτ = 12, and hence ρ = 2/3.
It follows immediately from Lemma 4.3.3 that H1⊕H2 ⊂ z, and hence H1⊕H2 is an abelian
subalgebra of g. Let gα ⊂ g be the root space of g corresponding to α ∈ z∗ := HomC(z, C)
(with respect to z). Then we have [H1 ⊕H2, gα] = {0} for all α ∈ z∗; indeed, let x ∈ gα, and
let h ∈ H1. If α(h) = 0, then we have [h, x] = α(h)x = 0. Assume that α(h) 6= 0. Write
x ∈ gα as: x = x0+ x1+ x2 ∈ gα, with xi ∈ gi for i = 0, 1, 2. Since both x0 ∈ g0 and h ∈ H1
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are contained in the Cartan subalgebra z, we see that [h, x0] = 0. Since g = g0⊕ g1⊕ g2 is a
Z3-grading of g, we get
α(h)x0 + α(h)x1 + α(h)x2 = α(h)x = [h, x] = [h, x1]︸ ︷︷ ︸
∈g2
+ [h, x2]︸ ︷︷ ︸
∈g0
.
Since α(h) is assumed to be nonzero, we obtain x1 = 0. Substituting this into the equality
above, we get x0 = 0, and then x2 = 0. Thus, x = 0, and in particular, [h, x] = 0.
Similarly, we can show that [h, x] = 0 for all h ∈ H2. Therefore, H1 ⊕ H2 is a (nontrivial)
abelian ideal of g, which contradicts the assumption that g is semisimple. Hence we conclude
by [DM1, Theorem 3] that g is abelian, and V˜ τΛ
∼= VΛ, as desired. Thus we have proved
Theorem 5.1.1 (2).
5.4 Proof of Theorem 5.1.1 (3) – case that L 6= Λ and τ /∈ G0(L). Recall from
§3 the classification of the automorphisms τ ∈ AutL satisfying (3.1.1). If rankLτ = 0 or
6, then we know from Theorem 3.1.2 (2ii) that τ is conjugate to one of σ1, . . . , σ6. Thus,
Theorem 5.1.1 (3a) follows immediately from Remark 4.3.2 (2).
In order to prove Theorem 5.1.1 (3b), we need the following lemma, which can be shown
in exactly the same way as Lemma 3.3.2.
Lemma 5.4.1. Let L be a Lie algebra, and let Iq, 1 ≤ q ≤ 4, be ideals of L such that
L =⊕4q=1 Iq. Assume that a Lie algebra automorphism φ ∈ AutL of order 3 acts on L as:
φ(I1) = I2, φ(I2) = I3, φ(I3) = I1, φ(I4) = I4. Then the φ-fixed Lie subalgebra Lφ of L is
isomorphic to I1 ⊕ Iφ4 .
Proof of Theorem 5.1.1 (3b). Let Q be the root lattice of L. Since rankLτ = 12 by as-
sumption, we see from table (3.1.4) that the type of Q is one of the following: A45D4 (see
Proposition 3.5.2), and A241 , A
8
3, A
4
6, D
4
6, A
12
2 , E
4
6 (see Proposition 3.5.3), and D
6
4 (see Propo-
sitions 3.6.1 and 3.6.2). By these propositions, along with Remark 4.3.2 (2), we may assume
that τ acts on the set CQ =
{
Qm | 1 ≤ m ≤ n
}
of indecomposable components of Q as
follows: there exists 0 ≤ k ≤ n/3 such that for 1 ≤ m ≤ n,
τ(Qm) =

Qm+k if 1 ≤ m ≤ 2k,
Qm−2k if 2k + 1 ≤ m ≤ 3k,
Qm if 3k + 1 ≤ m ≤ n,
(5.4.1)
and for each 3k+1 ≤ m ≤ n, the restriction τ |Qm ∈ AutQm of τ to Qm is one of the identity
map, a conjugation of ω in P , and a conjugation of ω−1 in P (for the definitions of ω and P ,
see §2.2 and §3.2, respectively).
Claim 1. The Lie algebra g0 := (V
τ
L )1 is a semisimple Lie algebra, with H0 =
{
h(−1)⊗ e0 |
h ∈ h(0)
}
as a Cartan subalgebra.
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Proof of Claim 1. For each 1 ≤ m ≤ n, let g(Qm) be the simple ideal of (VL)1 corresponding
to Qm; we have (VL)1 =
⊕n
m=1 g(Qm). By (4.2.1), the isomorphism τ in (5.4.1) induces
an automorphism τ ∈ AutVL, which permutes the Lie subalgebras g(Qm)’s as in (5.4.1).
Therefore it follows from Lemma 5.4.1 that
g0 = (V
τ
L )1
∼=
k⊕
m=1
g(Qm)⊕
n⊕
m=3k+1
g(Qm)
τ . (5.4.2)
Because τ |Qm = id, ω, or ω−1 (up to conjugation) for each 3k + 1 ≤ m ≤ n, it follows
immediately that g(Qm)
τ is either g(Qm) or the simple Lie algebra of type G2 for each
3k+ 1 ≤ m ≤ n. Thus we conclude that g0 = (V τL )1 is semisimple. Also, we can easily check
that H0 is a Cartan subalgebra of g0 = (V
τ
L )1 since τ ∈ AutVL also permutes the canonical
Cartan subalgebras
{
h(−1)1⊗ e0 | h ∈ Qm ⊗Z C
}
of gm, 1 ≤ m ≤ n, as in (5.4.1).
For simplicity of notation, we set
g := (V˜ τL )1 = (V
τ
L )1︸ ︷︷ ︸
=g0
⊕VL(τ)1︸ ︷︷ ︸
=:g1
⊕VL(τ 2)1︸ ︷︷ ︸
=:g2
;
recall that g = g0 ⊕ g1 ⊕ g2 is a Z3-grading of g (see Remark 4.4.1)
Claim 2. The Lie algebra g is a semisimple Lie algebra of rank 24, and the VOA V˜ τL is
isomorphic to the lattice VOA associated to a Niemeier lattice.
Proof of Claim 2. By [K, Lemma 8.1 b)], along with Claim 1, the centralizer z of H0 ⊂ g0
in g is a Cartan subalgebra of g. We see from Lemma 4.3.3 that z contains H1 ⊕ H2 with
notation therein; notice that H1 ⊂ VL(τ)1 and H2 ⊂ VL(τ 2)1 since rankLτ = 12, and hence
ρ = 2/3. Thus we obtain
dim z ≥ dimH0 + dimH1 + dimH2
= dim h(0) + {dim h(2) × dimT (τ)}+ {dim h(1) × dimT (τ 2)}
≥ dim h(0) + dim h(1) + dim h(2) = dim h = 24, (5.4.3)
which implies that rank g ≥ 24; however, since rank g ≤ 24 by [DM1, Theorem 3], we get
rank g = 24. Because g is not abelian (indeed, g0 ⊂ g is semisimple, and hence not abelian),
we conclude by [DM1, Theorem 3] that g = (V˜ τL )1 is a semisimple Lie algebra of rank 24,
and the VOA V˜ τL is isomorphic to the lattice VOA associated to a Niemeier lattice. Thus we
have proved Claim 2.
Let M be the Niemeier lattice such that VM ∼= V˜ τL , with the root lattice R; note that
(VM)1 ∼= g. To complete our proof of Theorem 5.1.1 (3b), we will verify that the type of the
semisimple Lie algebra (VM)1 (∼= g), or equivalently, the type of the root lattice R of M is
the same as the type of the root lattice Q of L.
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First, let us recall from Remark 4.3.2 (1) that VM ∼= V˜ τL = V τL ⊕ VL(τ)Z ⊕ VL(τ 2)Z is
a Z3-grading of the VOA VM ∼= V˜ τL . Define φ ∈ Aut VM by: φ|V τL = 1, φ|VL(τ)Z = ζ , and
φ|VL(τ2)Z = ζ2 (see Remark 4.3.2 (1)). By Remark 4.4.1, the restriction of φ to the Lie
algebra (VM)1 ∼= (V˜ τL )1 = g, denoted also by φ, is nothing but the Lie algebra automorphism
corresponding to the Z3-grading g = g0 ⊕ g1 ⊕ g2; in particular, (V φM)1 ∼= gφ = g0.
Next, let (VM)1 =
⊕p
q=1 sq (
∼= g) be the unique decomposition of (VM)1 ∼= g into its
simple ideals (see [H, Theorem 5.2]); we should remark that sq’s are all of simply-laced type.
By the uniqueness of the decomposition, we see that the Lie algebra automorphism φ above
naturally induces a permutation on the set
{
sq | 1 ≤ q ≤ p
}
of simple ideals; we may assume
that
φ(sq) =

sq+r if 1 ≤ q ≤ 2r,
sq−2r if 2r + 1 ≤ q ≤ 3r,
sq if 3r + 1 ≤ q ≤ p
(5.4.4)
for 1 ≤ q ≤ p, with some 0 ≤ r ≤ p/3. By Lemma 5.4.1,
(V φM)1
∼=
r⊕
q=1
sq ⊕
p⊕
q=3r+1
sφq (
∼= gφ = g0). (5.4.5)
Finally, recall the definition of 0 ≤ k ≤ n/3 from (5.4.1).
Case 1. Assume that k = 0. Then we have Q = D64 and τ = ω
(6) (see Proposition 3.6.1),
and hence by (5.4.2),
g0 ∼=
(
g(D4)
ω
)⊕6 ∼= g(G2)⊕6.
Combining this and (5.4.5), we obtain sq ∼= g(G2) for all 1 ≤ q ≤ r. However, all sq’s for
1 ≤ q ≤ r are of simply-laced type. Hence we get r = 0 and p = 6.
By [K, Proposition 8.1], for each 1 ≤ q ≤ 6, there exists a Cartan subalgebra tq of sq, a
Dynkin diagram automorphism ψq of sq preserving tq, and an element hq in the ψq-fixed Lie
subalgebra t
ψq
q ⊂ tq such that
φ|sq = ψq exp
(
2π
√−1
3
hq
)
; (5.4.6)
remark that the order of ψq is equal to 1 or 3, since so is φ|sq . Suppose that ψq is the identity
map for some 1 ≤ q ≤ 6. Then we see that sφq is a reductive Lie algebra of simply-laced type
(see also [K, Lemma 8.1 c)]) since sq is a simple Lie algebra of simply-laced type. However,
this contradicts the fact that sφq
∼= g(G2). Thus, ψq is of order 3 for every 1 ≤ q ≤ 6, which
implies that sq is of type D4 for every 1 ≤ q ≤ 6. Thus we get M = L, as desired.
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Case 2. Assume that k > 0. By (5.4.2), we have
g0 = (V
τ
L )1
∼=
k⊕
m=1
g(Qm)⊕
n⊕
m=3k+1
g(Qm)
τ .
We deduce from the definition that all g(Qm)’s for 1 ≤ m ≤ k (resp., all g(Qm)τ ’s for
3k+1 ≤ m ≤ n) are simple ideals of g0 = (V τL )1 ⊂ V τL of level 3 (resp., of level 1). Similarly,
in (5.4.4), observe that all sq’s for 1 ≤ q ≤ r (resp., 3r + 1 ≤ q ≤ p) are simple ideals of
(V φM)1 ⊂ V φM of level 3 (resp., 1). Here we should recall that V φM ∼= V τL as VOAs. Thus
we obtain k = r, and g(Qm) ∼= sm for all 1 ≤ m ≤ k, which implies that the root lattice R
contains
⊕3k
m=1Qm as its component. It follows immediately from the list of Niemeier lattices
(see [CS, Chapter 16, Table 16.1] for example) that such a Niemeier lattice is unique. Thus
we get M = L, as desired. This completes the proof of Theorem 5.1.1 (3b).
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